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Abstract. In this paper we first determine the set of all possible integrable almost 
CR-structures on the smooth foliation of constructed in [M- V] . We give a specific 
concrete model of each of these structures. We show that this set can be naturally 
identified with C X C X C. We then adapt the classical notions of coarse and fine 
moduli space to the case of a foliation by complex manifolds. We prove that the 
previous set, identified with C^, defines a coarse moduli space for the foliation of 
[M-V], but that it does not have a fine moduli space. Finally, using the same ideas 
we prove that the standard Lawson foliation on the 5-sphere can be endowed with 
almost CR-structures but none of these is integrable. This is a foliated analogue to 
the examples of almost complex manifolds without complex structure. 



0. Introduction 

In [M-V] the authors have constructed a smooth foHation of the sphere §^ by com- 
plex surfaces i.e., an integrable and Levi- flat codimension-one almost CR-structure. 
The underlying smooth foliation is a variation of that given by Blaine Lawson in 
[La], however ours is topologically different. In particular, it contains exactly two 
compact leaves. 

The notion of foliation of a smooth manifold by complex manifolds can be seen 
as a generalization of the notion of complex structure on a smooth manifold, which 
appears as the case of codimension zero. The case of codimension-one is of par- 
ticular interest: the smooth manifold has then to be of odd-dimension, so that it 
is really the analogue in the odd-dimensional case of the existence of a complex 
structure. 

Keeping this in mind, it is clearly interesting to ask, in the spirit of Kodaira- 
Spencer and Kuranishi, for a deformation theory of such foliations. This is what 
we intend to do in this paper for the example constructed in [M-V]. To be more 
precise, the purpose of this paper is threefold: 
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(1) To determine the set of all possible integrable almost CR-stnictures on 
this foliation. This set turns out to be completely determined by the set 
of complex structures of the compact leaves. These leaves are primary 
Kodaira surfaces fibering over the same elliptic curve and we infer from this 
description that our set can be identified to C x C x C. In particular, it 
is finite-dimensional. We also show that some of these structures admit 
non-trivial CR-automorphisms. 

(2) To adapt the classical notions of coarse and fine moduli space to the case 
of a smooth foliation by complex manifolds. We prove that the previous set 
can be seen as a coarse moduli space for the foliation of [M-V], but that, 
due to the existence of non-trivial CR-automorphisms, this foliation does 
not have a fine moduli space. 

(3) To prove that the standard Lawson foliation cannot be endowed with a 
CR-structure, but only with non-integrable almost CR-structures. 

We emphasize that the set we consider is the set of integrable CR-structures on 
a fixed smooth foliation, modulo foliated CR-isomorphisms (see the precise Defini- 
tion given in Section 2). In the same way, the notions of coarse and fine moduli 
space are defined on a fixed smooth foliation. This induces some STibtlcties. In 
particular, strictly speaking, there is not a unique standard Lawson foliation, but 
infinitely many. All are topologically isomorphic, but have non-conjugated contract- 
ing holonomies. The same is true for "the" foliation of [M-V]. This will be made 
precise in Section 1. 

The first result shows that the CR-structure of our foliation is very rigid. In 
fact it is easy to construct examples of compact manifolds carrying a Levi-flat 
and integrable almost CR-structure whose set of integrable almost CR-structures 
is infinite-dimensional (see Section 2). On the other hand, the third result gives 
an example of a foliation which admits non-integrable almost CR-structures and 
all of whose leaves admit separately a complex structure but which cannot be 
endowed with an integrable almost CR-structure. This is the foliated analogue to 
the examples of almost complex surfaces without complex structure (sec [B-H-P- 
V, IV. 9]). Moreover it proves that the search for the existence of integrable and 
Levi-flat codimcnsion-one almost CR-structures on a compact manifold cannot be 
reduced to local analytic questions such as solving a (9-problem along the leaves. 

Remark. We would like to emphasize that, as far as we know, the foliation 
described in [M-V] (as well as the related examples of [M-V], Section 5) is the only 
known example of a smooth foliation by complex manifolds of complex dimension 
strictly greater than one on a compact manifold, which is not obtained by classical 
methods such as the one given by the orbits of a locally trivial smooth action of a 
complex Lie group, the natural product foliation on Af x where M is foliated by 
Riemann surfaces and iV is a complex manifold, holomorphic fibrations, or trivial 
modifications of these examples such as cartesian products of known examples or 
pull-backs. Of course, it is very easy to give examples of foliations by complex 
manifolds on open manifolds (in fact even with Stein leaves). On the other hand, 
if a compact smooth manifold has an orientable smooth foliation by surfaces then, 
using a Riemannian metric and the existence of isothermal coordinates, we see that 
the foliation can be considered as a foliation by Riemann surfaces. 
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Although this paper obviously depends on the example given in [M-V] it can be 
read independently of that paper since it uses different methods and ideas. In this 
sense this paper is not just an addendum of [M-V]. 

We would like to thank Laurent Bonavero, Michel Brion, Marco Brunella, Do- 
minique Cerveau, Andre Haefliger, Janos Kollar, Lucy Moser and Marcel Nicolau 
for their very valuable comments. We also would like to thank the referee for in- 
dicating us with care every point needing clarification in the first version of the 
article. 

The first named author would like to thank the IMATE, Cuernavaca, Mexico, and 
the Universitat Autonoma de Barcelona for their hospitality. The second named 
author would like to thank the IRMAR, Universite de Rennes I, and the 1MB, 
Universite de Bourgogne for their hospitality. 

1. Preliminaries 

In this Section, we fix some notations and recall some facts and constructions 
around foliations by complex manifolds. Most of this material comes from [M-V]. 

In this article, smooth means C°°-differentiable. We make use of the following 
notations. 

(i) we denote by D the unit open disk of C and by D its closure. 

(ii) if X is a complex object (e.g. complex manifold, foliation with complex leaves, 
etc), then X'^^^^ denotes the underlying compatible smooth object. 

(iii) for Ti . . . . , T„ a set of automorphisms of a complex (respectively smooth) 
manifold X, we denote by (Ti, . . . , T„) the group generated by Ti, . . . , T„, and 
by X/{Ti, . . . ,Tn) the quotient space of X by this group. We use this last nota- 
tion only in the case where this quotient space is a complex (respectively smooth) 
manifold, i.e. when the action is free and totally discontinuous. 

(iv) for a smooth manifold M, we denote by dM the boundary of M and by Int M 
the interior part of M, namely the open manifold M \ dM. 

We recall that, if p : M ^ M is a covering map of a smooth manifold M 
with boundary onto a smooth manifold M with boundary, then p restricted to each 
component of dM is a covering map onto its image, which is a component of dM. 

1.1. Foliations by complex manifolds. 

Recall that an almost CR-structure on a smooth manifold V is the data of a 
subbundle E of the tangent bundle TV together with an operator J : E ^ E 
acting linearly on the fibers of E and satisfying = —Id on every fiber. We 
denote an almost CR manifold by (V, J) . In this paper every almost CR-structure 
is assumed to be smooth. Recall also that a CR-map between {V, J) and {V, J') 
is a smooth map / from V to V whose differential commutes with the almost 
CR-structures, that is df o J = J' o df. 

Remark. In our paper [M-V], an almost CR-structure is just called a CR-structure. 
We would like to thank Claude LeBrun, who pointed out to us that the terminology 
of almost CR-structure is more appropriate (since it is parallel to the notions of 
almost complex and complex structures). 

We refer to our paper [M-V] and to [Tu] for the notions of integrability and 
Levi-flatness of an almost CR-structure. We just recall here the two definitions of 
[M-V] which are essential for this article. 
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Definition. Let M he a smooth manifold of odd dimension and without boundary. 
A foliation by complex manifolds on M is the data of a smooth codimension-one 
foliation of M which is endowed with an integrable almost CR-structure whose 
corresponding distribution is the distribution tangent to the leaves of T . 

Remark. An integrable almost CR-structure is also called a CR-structure. 

Remark. Such an almost CR-structure is automatically Levi-flat by the Probenius 
Theorem. 

Equivalently, a foliation by complex manifolds of codimension-one on a smooth 
manifold M of dimension 2n+ 1, can be defined by a foliated atlas 

A={{Ui,^i)iei I <^i(i7i)cC"xR^R2n+i| 
such that the changes of charts 

iz,t) e n Uj) ^ 0j o (j)-\z,t) := {(,,{z,t),Qj{t)) e ^j{U, n Uj) 

are holomorphic in the tangential direction, i.e. the map is holomorphic for 
fixed t. 

Let M be a smooth manifold with boundary. Let N be the open manifold ob- 
tained by adding the collar 9M x [0. 1) to M equipped with the unique differentiable 
structure such that the natural inclusions of dM x [0, 1) and M into N are smooth 
embeddings (see [Hi, Chapter 8, Theorem 2.1]). 

Definition. A (codimension-one) tame almost CR-structure on M is the data of 

an almost CR-structure on the interior of M and of an almost complex structure 
on the boundary dM such that the following gluing condition is verified. Let 
M c N and dM x [0, 1) C N be the natural embeddings. Then, the almost CR- 
structure on M extends to a almost CR-structure on N by considering on the collar 
the distribution tangent to the submanifolds dM x {t}, < t < 1, and equipping 
this distribution with the natural almost complex structure inherited from dM. 

A foliation by complex manifolds on M is the data of a smooth foliation T of M 
of codimension-one which is endowed with an integrable tam,e almost CR-structure. 

The same remark after the first definition is valid in this case. 

1.2. Lawson Foliation. 

Let us now recall Lawson's construction of a smooth codimension-one foliation 
ofS^ Let 

P : (zi,Z2,Z3) G 1 >zl + Z^-irzlGC 

and let V = P-^{0). The manifold 

W ■.= V\ {{0,0,0)} = {{zuZ2,zs)j^ I zf + zl-\-zl = 0} 

intersects transversally the Euclidean unit sphere in the smooth compact manifold 

K. Moreover, it projects onto the projective space as an elliptic curve E^^ of 
modulus oj. This curve admits an automorphism of order three, hence u)^ = 1. The 
canonical projection 

p-.W^E^ 
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describes W as a holomorphic principal C* -bundle over the elliptic curve E^^, with 
first Chern class equal to —3. By passing to the unit bundle, one has that K is a 
principal circle-bundle over a torus with Euler class equal to —3 (see [Mi2, Lemma 
7.1 and Lemma 7.2]). 

Another way of seeing K is the following. Let 



then K is the suspension of the unipotent isomorphism induced on the two-dimen- 
sional torus by the matrix A. Notice that, in this way, we define K asa torus bundle 
over §^ , but not as a principal torus bundle. This subtlety will be important in the 
sequel. 

The Milnor Fibration Theorem [Mil, Theorem 4.8] shows that S^\K fibers over 
§^ and describes as an open book in the sense of Winkelnkemper [Wi], with fibers 
diffeomorphic to P~^{z), z G C*. On the other hand, K is smoothly embedded 
in with trivial normal bundle and therefore has a closed tubular neighborhood 
diffeomorphic to x D. Thus it follows that both a closed tubular neighborhood Af 
of K in and £, the closiirc of its complement, fiber over the circle by fibrations 
which are also fibrations when restricted to the boundary. Hence they are smoothly 
foliated by using a standard Tourbillonnement Lemma: 

Lemma [La]. Let M be a compact manifold with boundary dM, and suppose there 
exists a C°° -submersion ip : M — »■ such that V'laM is a submersion of the 
boundary. Then there exists a codimension-one C°° -foliation of M . 

Gluing carefully those pieces together by a diffeomorphism, Lawson obtained a 
smooth codimension-one foliation of with a unique compact leaf diffeomorphic 
to K X S^. 

Remark. Notice that there is not a unique Lawson foliation, but infinitely many. 

Indeed, there are infinitely many ways of turbulizing, which give rise to non- 
conjugated holonomies of the compact leaf. Therefore, the standard Lawson fo- 
liation is unique topologically but certainly not differentiably. In the sequel, we will 
however still talk of the standard Lawson foliation. This is due to the fact that the 
result we prove (Theorem A) is independent of the choice of the turbulization. 

1.3. A foliation of by complex surfaces. 

Let us start with the following Lemma, whose proof is immediate. A CR- 
submersion is a smooth submersion between almost CR-manifolds which is also 
a CR-map. 

Lemma. Let (M, JF) be a Levi-flat CR-structure, with or without boundary. Let 
p : M ^ M be a smooth covering. Let T be the foliation on M whose leaves are 

the connected components of the pull-back by p of the leaves of T . Then, there 
exists a unique smooth, integrable almost CR-structure on (M, J^) such that p is a 
CR-submersion. 

We call the induced pull-back foliation. 

Definition. Let {M, T) be a Levi-flat CR-structure. A covering map n : M ^ M 
is called a product foliated covering if one of the two following statements is satisfied: 
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(i) if dM is empty, then M is diffeomorphic to N (for N a smooth manifold) 
and the induced pull-back foliation T has leaves diffeomorphic to N x {point}. 

(ii) if dM is non-empty, then M is diffeomorphic to (N x IR+) \ (A x {0}) (for 
N a smooth manifold and A a - possibly empty - analytic subset of N) and the 
foliation has leaves diffeom,orphic to N X {point} in the interior and diffeomorphic 
to {N\A) X {0} on the boundary. 

Remark. In general, the complex structure on the leaves N x {point} depends on t 
so a product foliated covering is not CR-isomorphic to a product. 

Remark. An example of (ii) in the definition above is the solid cylinder D x ffi. = 
(C X R+) \ {(0,0)} corresponding to the infinite cyclic covering of the solid torus 
D X foliated by the Rccb foliation, sec [M-V, Lemma 2]. 

The detailed construction of the foliation of §^ by complex surfaces can be found 
in [M-V]. We denote this foliation by J^c- The idea is to endow suitable coverings 
of J\f and of the closure of its open complement in S"'' with trivial foliations by 
complex surfaces such that the covering transformations are CR-isomorphims, i.e. 
to construct product foliated coverings as in the definition above (here we use the 
notation of 1.2). Then, taking the quotient, we obtain foliations by complex surfaces 
of A/" and of the closure of its open complement in S^. Due to the tame condition, 
these two foliations can be glued together [M-V, Lemma 1]. 

We content ourselves with describing the two coverings and referring to [M-V] 
for more details. 

Let A be a real such that < A < 1. 

Remark. This is not the same convention as in [M-V] where A is supposed to be 

strictly greater than one. 

The following function 

leaves W invariant. The group generated by this transformation acts properly and 
discontinuously on W and the quotient is a compact complex manifold diffeomor- 
phic to K X ~ dJV. Let us call it Sx. We remark that it is a primary Kodaira 
surface. 
Let 

X = C* x{Cx [0,oo)\{(0,0)}) 

and let T be the group generated by the commuting diffeomorphisms T and S 
defined as follows: 

y{z, u, t) e X, T{z, u, t) = (z, Xuj ■ u, d{t)) 

and S{z, u, t) = (exp(2i7rw)-2:, {il}{z))~^-u, t) 

where d is a smooth diffeomorphism equal to t when t < and satisfying d'{t) < 1 
when i > and where i/; is the automorphic factor of W as C*-bundle over E^. 

Remark. This is not the same convention as in [M-V]. Indeed, it is linked to the 
previous remark, for taking A > 1 (respectively < A < 1) implies taking d'{t) > 1 
for t > (respectively d'{t) < 1), otherwise the previous action is not proper. 
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Let Ti be the foliation whose leaves Lt arc the level sets in X of the projection 
on the third factor. These leaves are naturally complex manifolds biholomorphic 
to C* X C for f > and C* x C* for f = 0. The group T preserves the foliation 
T and sends one leaf biholomorphically onto its image. Then it is proved in [M-V] 
that the quotient of X by F is diffeomorphic to M and thus provides a foliation by 
complex manifolds on this closed set. The boundary leaf is biholomorphic to S\. 
The other leaves are all biholomorphic to the line bundle over E^^ obtained from W 
by adding a zero section. 

On the other hand, let g:'£? x [—1, oo) — > C be the function defined by 

9{{ZX, Z-i, Z3),t) = + z^^ + z^^ - <\){t) 

where (/) is a smooth function which is zero exactly on the non-positive real numbers. 

Let S = 5"H{0}) and S = S \ ({(0,0,0)} x [-l,oo)). Then, S is a smooth 
manifold and has a natural smooth foliation Te by complex manifolds whose leaves 
{itIigR are parametrized by projection onto the factor [— l,oo). 

Let G : S — > S be the diffeomorphism given by 

G{{zx,Z'2„Z3),t) = {{Xw ■ zi,Xco ■ Z2,XC0 ■ Zs),hx{t)) 

where h\ is a smooth diffeomorphism whose fixed points are and (— oo, —1]. For 
good choices of (j) and hx which are specified in [M-V], the pair (S, J^e) is a covering 
of the closure of §^ \ AA with deck transformation group F, generated by G. The 
boundary is a leaf biholomorphic to Sx and the gluing condition is verified. There 
is another compact leaf corresponding to t = 0. It is also biholomorphic to .S^. 
These two compact leaves form the boundary of a collar whose interior leaves are 
all biholomorphic to W. Finally, the other leaves are all biholomorphic to the affine 
cubic surface P~^{1) of C^. 

Remark. Observe that the second covering is not a product foliated covering since 
it has two topologically distinct leaves: W and P~^{{t}). But it is a union of 
product foliated coverings. Indeed, the restriction of S to [—1,0) is a product 
foliated covering, as well as its restriction to (—1,0] and to (0, oo). 

Remark. The construction recalled above depends on the choices of the smooth 
functions d, (j) and hx. Notice that d and hx define the holonomy of the compact 
leaves. As a consequence, if we construct such a foliation T from d and hx and 

another one, say T' , from d' and h'^^ with the property that d' (or respectively h'-s^) 
is not smoothly conjugated to d (or respectively to hx), then T and T' are not 
smoothly isomorphic, although they are topologically isomorphic (such maps exist, 
see [Se]). 

Nevertheless, the smooth type of the foliation is independent of the choice of 
the parameter A in the following sense. Fix some A and some smooth functions d 
and hx and call Tx the resulting foliation. Choose now < < 1 different from 
A. The function hx has the property that it coincides with the parabolic Mobius 
transformation t/{\ — 3(logA)t) near (see [M-V, p. 925]). There exists a smooth 
function / : R ^ K fixing with the property that / o hx o f^^ coincides with 
the parabolic Mobius transformation t/{l — 3(log/x)t). It is easy to check that this 
new diffeomorphism can be used as h^. As /i^ is globally conjugated to hx, the 
foliation obtained from the previous construction using the functions d and /i^ 
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is smoothly isomorphic to T\. However, they are not isomorphic as CR-stnictures, 
since different choices of A yield different complex structures on the compact leaves 
(see Section 5). 

In the sequel, wc still talk of the foliation of [M-V], since the results we prove 
(Theorems B, C, D) are independent of the particular choices of the functions d and 
h\. It will be important however to keep in mind the independence of the foliation 
with respect to A, as was indicated above. 



2. Families of complex structures and locally trivial CR-flber bundles 

Let (y, J) be a smooth almost CR-manifold and let X be a smooth manifold. 
The following Definition is a reformulation in the language of almost CR-structures 
of Definition 1.1 of Kodaira-Spencer [K-S]. 

Definition. A smooth map n : V ^ X is a smooth family of complex structures 

or a smooth deformation family if 

(i) It is a smooth submersion with compact fibers, 
(a) The almost CR-structure J is integrable. 

(Hi) The almost CR-structure J is Levi-flat and the associated smooth foliation is 

given by the level sets ofir. 

Remark. The manifolds V and X can have boundary (for example, X may be the 
closed interval [0, 1]). In this case, we ask tt to be a submersion on Int V and also 
on dV. 

By Ehresmann's Lemma [Eh], tt is a locally trivial smooth fiber bundle, there- 
fore the fibers 7r~^({t}) are all diffeomorphic. Moreover, they are endowed with 
a complex structure obtained by restriction of J. We denote by Vt the complex 
manifold corresponding to 7r~^({t}). 

Definition. A smooth family of complex structures w : V ^ X is a locally trivial 

CR-fiber bundle if 

(i) All the fibers Vt are biholomorphic to a fixed complex manifold Vq. 
(a) There is an open covering ([/«) of X and CR-isomorphisms (pa '■ Tr~^ (Ua) — > 
Vq xUa ( where the CR-structure of Vo X Ua is given by the complex tangent distri- 
bution to Vq X {x} for X varying in Ua). 
(Hi) There are commutative diagrams 



7T-HUa) 



Ua 



Id 



Vo X Ua 
P 

Ua 



where p is the natural projection. 

The following Proposition is the CR- version of a classical result of Fischer and 
Grauert. 

Proposition 1 (see [F-G]). A smooth family of complex structures n : V ^ X 
is a locally trivial CR-fiber bundle if and only if all the fibers Vt are biholomorphic. 
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The proof of this result is rigorously identical to that given in [F-G] . It uses in 
an essential way Theorem 6.2 of [K-S]. 

In the particular case where X is diffeomorphic to an interval, then tt is globally 
trivial [St, Theorem 11.4], that is the following diagram is commutative 

V y VoxX 



X — ^ X 

The following immediate Corollary will be used frequently in the sequel. 

Proposition 2. Let {M, J^) be a Levi-flat CR-structure manifolds. Let n : M ^ M 
be a product foliated covering without boundary. Assume that all the leaves of M 
are compact and are biholomorphic to a fixed compact complex manifold N. 

Then, M is CR-isomorphic to N x R. 

Remark. Except for very particular cases, we do not know if such a statement is true 
in the case with boundary, that is: if all the interior leaves of M are compact and 
are biholomorphic to a fixed compact complex manifold iV, and if the boundary leaf 
is biholomorphic to iV \ A for A as in the Definition of a product foliated covering, 
then M is CR-isomorphic to {N x R+) \{Ax {0}). 

If it was the case, many arguments in the sequel could be greatly simplified. The 
difficulty is to prove that the Levi-flat CR-structure on M can be extended to A 
on the boundary leaf: this of course can be done along the boundary leaf; but one 
has to check that this extension is smooth transversally to the leaves and this is 
not clear at all. The Example given below even shows that it could be false. 

Remark. Of course, Proposition 2 is valid in the case of a product foliated covering 
with boundary if the set A is empty. 

In the sequel, we will also consider smooth deformation families of non-compact 
manifolds. The only difference in the definition is that we have to impose that the 
family is smoothly trivial, since Ehresmann's Lemma is false in the non-compact 
case. The notion of CR-triviality is then exactly the same as before. 

One of the main technical difficulties in the sequel however is that statements 
such as Proposition 1 and 2 are false when the leaves are non-compact. Here is 
an Example showing how subtle is the situation in the non-compact case (the first 
author wants to thank Marco Brunella for explaining him this example). 

Example. Consider the trivial foliation by Riemann spheres M = x [0, 1]. Let 

s be a continuous section from [0, 1] to M and let X be obtained from M by 
removing the image of this section. Then the natural projection map M — > [0, 1] is 
diffeomorphic to the trivial bundle x [0, 1] — > [0, 1]. So is a deformation family 
of (non-compact) complex manifolds, each of them being a copy of the complex 
plane. Although the leaves are all biholomorphic, and although the family X can 
be compactified as the trivial deformation family M, it is not CR-isomorphic to the 
product C X [0, 1]. 

Assume the contrary. Consider the CR-isomorphism 

X ^ C X [0, 1] 
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Let us denote by i this map. 

If we have a look at the following diagram 



X — ^ C X [0, 1] 



natural inclusion 



natural inclusion 



M = pi X [0, 1] — ^ Pi X [0, 1] 

then we see that the bottom map </>, which is a priori only defined outside the 
section s, extends as a CR-isomorphism of P^ x [0, 1]. Indeed, for fixed t, the map 
(pt extends continuously and thus holomorphically to P"'^ by setting (/)j(,s(f)) = oo. 
Hence {(pt) is a family of rational maps of degree one of P^. Since this family is 
smooth in t when restricted to P^ \ s, the coefficients of these rational maps are 
smooth and the family is smooth in t on the whole P-'^. Now, this CR-isomorphism 
sends the continuous section s to the smooth section oo x [0, 1]. Contradiction. 

3. Some examples of deformation families 

In this Section, we first recall some basic facts about families of line bundles over 
elliptic curves, cf [Gu], [G-H]. The only part which is not classical (although it is 
an easy consequence of classical facts) is the Dumping Lemma. 

Let a € H and let n £ Z. The subset Pic„(EQ,) of the Picard group of the elliptic 
curve E„ is constituted by elements corresponding to line bundles of Chern number 
n. It has a natural structure of an elliptic curve [Gu, §7-8]. 

This structure of an elliptic curve makes a moduli space of Pic„ (E^ ) . This means 
in particular the following. 

Let TT : {X, J) [0, 1] be a smooth family of deformations of line bundles over 
Eq, of fixed topological degree n, that is (cf [K-S, §111.7]) 

(i) The map tt is a trivial smooth bundle, every fiber of tt is a line bundle of Chern 
number n over Ec,. 

(ii) There is a commutative diagram 

{X,J) [0,1] 

E„ X [0, 1] Vroieotiou^ 

where the restriction of p to a fiber of tt is the bundle projection. 

(iii) The map p : {X, J) ^ x [0, 1] is a smooth fiber bundle with fiber C and 
structural group C*. 

Example. Let tt : M ^ M be a product foliated covering with surfaces as leaves. 
Assume that we have a smooth CR-embedding 

i : Ec X M ^ M 

(or i : Eq, X [0, oo) ^ M in the case of a product foliated covering with boundary). 
We may choose locally defining functions for the submanifolds Et = it{^a) (that 
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is local holomorphic functions on the leaf Lt of M whose zero set defines an open 
set of Et) which depend smoothly on t. Therefore, we may choose for the normal 
bundles of Et in Lt cocyclcs depending smoothly on t. Hence we may construct 
abstractly a family of deformations of line bundles over of fixed topological 
degree p : {X, J) — > E„ x [0, 1] such that P~^{{t}) is the normal bundle of E^ in Lf. 

Then the natural map 

j : (;\^, J) ^Pic„(E«) 

sending a fiber Xt = TT~^{{t}) onto the element of Pic„(Ec) characterizing it as a 
line bundle is a smooth map. Indeed, in such a situation, we have a diagram of 
coverings 

C X C X [0, 1] >■ {X, J) 

1 1' 

C X [0, 1] > E„ X [0, 1] 

so that we may locally choose for the bundles p~^{Ma x {t}) — * E^ x {t} a set of 
multipliers depending smoothly on t. This is enough to show the result (cf [G-H, 
§2.6]). 

Prom this, we deduce easily the following Lemma. 

Dumping Lemma. Let n : {X, J) [0, 1] be a smooth family of deformations of 
line bundles over E^ of fixed topological degree n. Assume that, for every to G [0, 1), 
there exists a sequence (tn) with 1 as limit such that Xt^ is isomorphic (as a line 
bundle) to Xt„ . 

Then all the fibers Xt of tt are isomorphic. 

Remark. Let ttq : — >■ E^ and tti : Xi ^ E^ be two line bundles of fixed 
topological degree. Assume that they are biholomorphic as complex manifolds. Let 
/ be a biholomorphism between them. Notice that / extends as a biholomorphism 
between the total spaces of the associated P^-bundles, say Xq and X^. Now, / 
must preserve the Albanese varieties of Xq and , that is we have a commutative 
diagram 

X^ — ^ 



E„ > E„ 

so / maps biholomorphically each fiber of ttq onto a fiber of tti . It is then straight- 
forward to check that / must be a linear automorphism when restricted to a fiber 
if the bundles are holomorphically non-trivial. Hence, in the non-trivial case, the 
word isomorphic in the previous Lemma could be replaced by biholomorphic. 

Proof. We consider the previously described smooth map: 

j : {X,J)^PiCn{E^) 

where n is the common Chern number of the fibers of X. Let to € [0,1). By 
assumption, there exists (t„) with 1 as limit such that j{Xt^) = j{Xtg). Hence 
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JiXtg) = j{Xi) by continuity of j, that is the map j is constant and all the fibers 
are isomorphic. □ 

Wc finish this part with a short study of CR-suspcnsions, which give examples of 
deformation families of both compact and non-compact manifolds. We are mainly 
interested in knowing when two such families are CR-isomorphic. 

(CR)-suspensions form a simple, but important case of product foliated coverings 

(with empty boundary). That is, given L a complex manifold and A a biholomor- 
phism of L, form the smooth manifold X^ = {L xM.)/ ^ where the equivalence 
relation ~ is given by 

{z,t)~{w,s) <^=^ w = AP(z), s = t+p for some p e Z . 

Consider the trivial foliation of L x R by complex leaves L x {pt}. It is preserved 
under the equivalence relation and descends to a foliation by complex manifolds of 
Xa- Each leaf is biholomorphic to L and the natural projection map 

LxR — >X 

is a foliated product covering. 

Another way of describing the suspension is the following. The foliated manifold 
Xa is obtained from L x [0, 1] endowed with its trivial foliation by gluing L x {0} 
and L x {1} by A. If (At) is a smooth isotopy of biholomorphisms of L between 

A = Aq and Ai, then the CR-map 

{z, t)€Lx [0, 1] ^ {At o A^\z),t) G L X [0, 1] 

descends as a CR-isomorphism between Xaq and Xa^ ■ 

Conversely, we have the following result. 

Proposition 3. Let it : M ^ M be a product foliated covering with dM empty. 
Assume that M is CR-isomorphic to LxM. for some complex manifold L. Moreover, 
assume that the deck transformation group is isomorphic to Z and that it acts 
without fixing any leaf L x {pt}. 

Then, there exists a well-defined biholomorphism A of L (up to smooth isotopy) 
and M M is CR-isomorphic as a covering space to L xW ^ Xa (where Xa is 
the suspension of L by A ), i. e. the following diagram is commutative: 

CR-isomorphism _ 

M > i X K 



CR-isomorphism 



We call this biholomorphism the monodromy of the product foliated covering. 

Proof. Prom the hypotheses, for any i, there exists s> t such that a fundamental 
domain for the action is i x [f, s], once L x {t} is identified with L x {s} by At 
(where A{z, t) = {At{z), fit)) is a well-chosen generator of the deck transformation 
group). Hence (M, J^) is obtained as the suspension of L by any At for fixed t. □ 

It should be noticed that there exist foliated product coverings which are not 
smoothly isomorphic to a trivial one. Here is an example. 
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Example. Let 

2 1 
1 1 

and let M be the manifold obtained as the suspension of a real 2-torus T by A. 
The level sets of the suspension map M foliates M by copic;s of T. 

We claim that this foliation can be turned into a foliation by elliptic curves. 
Indeed, choose any smooth path c in the upper half-plane H such that c^"'(l) = 
A-c{n){0), i.e. 

l + c(")(0) 

for all n e N. 

Consider then the action of onto C x M given by 

{{p,q,r),{z,t)) gZ^x{CxR)^ (( ^ \ ■ {z + p + qc{t)),t + r) gCxR. 



1 + c(0) 

where we extend c to K by setting c{t) = A^^*^ ■ c(t — E{t)) where E{t) is the integer 
part of t. 

The quotient space of C x R by this action is exactly M and the trivial foliation 
by copies of C descends to M and turns into a foliation by elliptic curves as 
wanted. Identifying S"'^ and M/Z and letting the brackets denote the class of a real 
in R/Z, we have that the leaf over [t] is the elliptic curve of modulus c{t). 

Setting M = T X M, we have a product foliated covering M — > M. Since in this 
construction, the path c ends at a different point from its starting point, and thus 
cannot be constant, we observe that the leaves of M are not all biholomorphic. So 
this product foliated covering cannot be CR-trivial. 

This is not due to the construction. We claim that there does not exist on 
(M, J^) a complex structure such that M is CR-trivial. For if we could find such a 
structure, then by Proposition 3, the monodromy map 

2 1 
1 1 

would be isotopic to an automorphism of the elliptic curve serving as complex leaf 
of the foliation. But no elliptic curve admits a biholomorphism smoothly isotopic to 
A. Hence the result. Observe that, in fact, using Proposition 2, we have that {M, 
cannot be endowed with a complex structure whose leaves are all biholomorphic. 
Observe also that all this implies what was announced as an introduction to this 
Example: the CR-structure {M,T) is not smoothly isomorphic to a trivial CR- 
structure. 

On the other hand, a uniformization result can be drawn from Proposition 3. 

Corollary 1. Let ni : (M,.F) {M,!Fi) (for i = 0,1) be two product foliated 
coverings satisfying the hypotheses of Proposition 3. Moreover, assume that: 

(i) We have J^'" = T^"" . 4'" = 4'" ■ 

(a) The monodromies are equal (up to smooth isotopy of biholomorphisms). 
Then {M,J^o) and {M,J^i) are CR-isomorphic. 
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Proof. Apply twice Proposition 3. It tolls you that both (M, JTq) and (M, ^i) are 
CR-isomorphic to the suspension of the same complex manifold by the same map. 
Hence are CR-isomorphic. □ 

Let us now have a look to the non-empty boundary case. Let tt : (M, JF) 
(M, T) be a product foliated covering with boundary. Assume that it is CR-trivial, 
i.e. that it is CR-isomorphic to X x [0, oo) \Ax {0} for L a fixed complex manifold 
and A a subset of L. Assume also that the deck transformation group is isomorphic 
to Z and does not fix any leaf of the interior. This is analogous to the case of 
suspensions. 

In the previous model, the action of the deck transformation group is generated 
by a map 

{z,t) € L xR+ \Ax {0} I — > (T{z, t), d{t)) e L x R+ \ A x {0} 

Since the interior of M is CR-trivial, it has a well-defined monodromy by Propo- 
sition 3. Notice that d has no positive fixed point since the deck transformation 
group does not fix any leaf of the interior. 

We have 

Proposition 4. Let tt : (M, J^) — » (M, J^) be a product foliated covering with 
boundary satisfying the hypotheses above. Assume moreover that the biholomor- 
phism T'o(— ) = T(— ,0) induced on the boundary leaf by a generator of the deck 
transformation group extends as a biholomorphism of L. 

Then there is a commutative diagram 



(^M CR-isomorphism ^ 

where X is CR-isomorphic to the quotient o/LxIR+\^x {0} by the group generated 
by 

{z,t)&LxR+\Ax {0} I — > {Tq{z), d{t)) e L X M+ \ A X {0} 

Proof. Since Tq extends as a biholomorphism of L and since the monodromy of Int 
M is smoothly isotopic to Tq, we may also choose as monodromy of this suspension 
the map Tq. Observe that the CR-isomorphism sending Int M to _L x (0, oo) and 
conjugating the generator {z,t) ^ {Tt{z),d{t)) to {z,t) i-^ {To{z),d{t)) may be 
chosen to extend as the identity on the boundary. Indeed, this extension can be 
constructed as follows. Set 

W = {Lxm.+ \Ax {0}) X [0, 1] 

and 

S : iz,t,s) gW ^ {T,t{z),d{t),s) eW . 

Then S generates a free and proper CR-action on W whose quotient V is diffeo- 
morphic to M x [0, 1] endowed with a Levi-fiat CR-structure Q such that 



MODULI SPACE OF FOLIATIONS BY COMPLEX SURFACES 



15 



(i) The slice (M x {0},Q^mx{o}) is CR-isomorphic to X. 

(ii) The slice (M x {1},^|mx{i}) is CR-isomorphic to (M.JF). 

Consider the smooth vector field 

{z,t,s)eW C{z,t,so) = ^\s=so{Tst{z),d{t),s) . 

It respects the foliation and is holomorphic along the leaves. It is also invariant 
by the action and descends as a vector field on V with the same properties with 
respect to Q this time. Seeing V as a closed subset of M x R, we may extend ( as 
a vector field in M x M and take its fiow. The time 1 fiow sends CR-isomorphically 
the slice {M x {0}, C/|mx{o}) to the slice {M x {!}, 5|mx{i})- □ 

As in the case of suspensions, we draw a uniformization result. 

Corollary 2. Let TTi : {M,!F) {M,J^i) (for i = 0,1) he two product foliated 
coverings satisfying the hypotheses of Proposition 4- Moreover, assume that: 

(i) We have J^'" = J^'^^, = wf". 

(ii) The interior leaf of J^q is hiholomorphic to the interior leaf of Ti. 
(Hi) The boundary leaf of J^q is hiholomorphic to the boundary leaf of Ti. 

(iv) The hiholomorphisms Tq and Ti induced on each boundary leaf by a generator 
of the deck transformation group are holomorphically conjugated. 

Then {M,J^o) and {M,J^i) are CR-isomorphic. 

Proof. Using Proposition 4, we have that {M,Tq) (respectively {M,!Fi)) is CR- 
isomorphic to the quotient of L x M+ \Ax {0} by the group generated by (z, t) i—^ 
{To{z),d{t)) (respectively {z,t) i-^ {Ti{z) , d{t)) . By (iv), these maps are CR- 
conjugated. □ 

We add some important remarks and consequences. 

Remark. Notice that the map d corresponds to the holonomy of the boundary leaf. 
It is thus a smooth invariant, that is J-^^^ = Ti^^ ^ implies that the corresponding 
holonomies are smoothly conjugated and therefore can be assumed to be the same. 
In the sequel, since we deal with tame foliations, the function d will be tangent to the 
identity at 0. Nevertheless, it is important to notice that the previous Proposition 
is valid just assuming that d has no other fixed point that 0. 

Remark. The tame condition is not stable under CR-isomorphisms. For example, 
consider as above the quotient of i x M+ \ A x {0} by the group generated by 

(z.t) {Tt{z) , d{t)) . If the fimction li is tangent to the identity at 0, but the 
function T is not (in t), then the product foliated covering could not be tame. 

However, Proposition 4 shows that it is CR-isomorphic to the quotient of i x 
M+ \Ax {0} by the group generated by {z,t) ^ {TQ{z),d{t)), which is obviously 
tame. Indeed, this is true in greater generality and we have the following corollary. 

Corollary 3. Let tt : (M.J-) {M,T) he a product foliated covering with bound- 
ary. Assume that the deck transformation group is generated by Z and does not 
fix any interior leaf. Assume moreover that the holonomy of the boundary leaf is 
tangent to the identity. Then (M, J^) is CR-isomorphic to a tame foliation. 
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Proof. This is just a reparametrization argument. We may use the following model 
for {M,f): 

{M,T) = (L*/^ X [0, oo) \ A'^'-ff X {0}, J) 
with action generated by a CR-map: 

(z, t) e L-^'f^' X M+ \ A^'f^' X {0} {Tt{z),d{t)) e i*-^'^' x M+ \ A*-''-'' x {0} 

Let bo a diffcomorphism of M+ flat at (for example, 6{t) = cxp(l/t) for t > 0). 
Call Lt the leaf corresponding to t and Jt the complex structure on Lf. Perform 
the diffeomorphism 

{z, t) e L'^'ff x K+ \ A'^'ff X {0} (z, 9-^{t)) e L*^-'^ x M+ \ yl*^-'^ x {0} 

and call J' the CR-structure on M which makes a CR-isomorphism of this diffeo- 
morphism. Observe that 

(i) For all t, we have J[ = Je{t)- 

(ii) The map T is conjugated through $ to the map S{z, t) = (Tg(j)(2;), 6~^odo0{t)). 

This shows that the quotient of {M, J') by the action generated by S, which is 
CR-isomorphic to {M,J^), is tame. □ 

4. The compactification Lemma 

Let us start by remarking that a non-compact leaf of J^c has either one topologi- 
cal end (if the leaf is a smooth affine cubic or a line bundle over an elliptic curve) or 
two topological ends (if the leaf is a principal C*-bundle over an elliptic curve). Here 
we represent ends of a non-compact leaf as descending sequences Ui ^ U2 ^ ■ ■ ■ of 

open subsets of the leaf such that dUi is compact and n Ui — 9 where Ui and d are, 

respectively, the closure and boundary of Ui in the leaf with its topology as a man- 
ifold. The ends of the non-compact leaves "accumulate" respectively to one or two 

of the compact leaves. In other words, an end of a non-compact leaf spirals around 

a compact leaf, or, more precisely, C\Ui = L^y, where Lq is a compact leaf and Ui 

i>i 

is the closure oiUi in This imposes certain recurrence of the complex structure 
near the ends. Thus one may expect that the complex structure at infinity of the 
non-compact leaves is fixed by the complex structure of the compact leaves. The 
precise formulation of this rigidity property takes the form of the compactification 
Lemma stated below. In fact, this is the central idea of this paper. We need one 
more definition before stating this Lemma. 

Definition. Let X he a complex manifold of dimension n. Let H he a compact 
complex manifold of dimension n — 1. Let E he an end of X . Then we say that 
X admits a partial holomorphic compactification at E-infinity by adding H if there 

exists a structure of complex manifold on the disjoint union X U H such that 

( i) The natural injections X ^ X U H and H ^ X U H are holomorphic. 

(ii) The suhmanifold H of X U H is the limit set of E. 

The second point means the following: representing iJ by a sequence Z^i 3 2 
• • • as before, we have that (lUi = H, where Ut denotes the closure of ZY, in XuH 

i>l 

equipped with the topology coming from its structure of a complex manifold. 
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Remark. If X U is (;onipact, then this implies that X has just one end and we 
say that X admits a holomorphic compactification by adding H. 

Here is an example. Let _ff be a compact complex manifold and let X be a 
principal C*-bundle over H. Then X admits a partial holomorphic compactification 
at 0-infinity by adding a zero section H. In this case X U if is the associated line 
bundle over H. 

Let (M, JFq) be a foliation by complex manifolds with dM ^ 0. Let io be a 
leaf of Int(M) such that the limit set, CxUi = C corresponding to a given end 

■ • ■ of Lo is a compact connected component C of dM. 
Now, let (M, ^i) be another foliation by complex leaves of M such that 

(i) The underlying smooth foliations are equal, that is {!Fo)diff = {^i)diff- 

(ii) On C, the complex structures J\ (respectively Jo) induced by (respectively 
^o) agree, that is (Jo)|c = {■h)\c- 

Wo want to compare Lq to Li (the corresponding leaf of J-i) as abstract com,plex 
manifolds. Since they arc of course difl'comorpliic, we want to compare their com- 
plex structures. A priori, there is no reason that they are biholomorphic. However, 
since the common limit of Lq and Li is C , condition (ii) above means that these 
complex structures are in a sense close near C. 

We are now in position to prove the Compactification Lemma. Roughly speaking, 
it states that, if Lq can be compactified holomorphically at C-infinity, then so does 
Li, since their complex structures are asymptotic near C. 

Compactification Lemma. With the hypotheses above, Li admits a partial holo- 
morphic compactification at C-infinity by adding a compact complex manifold H if 
and only if Lq admits a partial holomorphic compactification at C-infinity by adding 

a compact complex manifold H . 

Proof. The statement is clearly symmetric, so assume that Lq admits a partial 
holomorphic compactification at C-infinity by adding a compact complex manifold 
H. 

For X G M, let us denote by Jo{x) (respectively Ji{x)) the almost complex 
operator of To at x (respectively of ^i). Let L = [LaY^^^ = [LiY^^^ and = 
{!FoY^^^ = {TiY^^^ . We consider them as smooth sections of the vector bundle 
End {TT) —y M. These operators are in general not equal, but they agree on C. 
As they are smooth and as C is compact, we deduce that, for every neighborhood 
of the zero section of End {TT) M , there exists a neighborhood V G M oi C 
such that f{V) C W, where / is defined as the difference Jq — Ji. 

Looking at the injections L ^ M and End {TL) ^ End (TJ^), this means 
that for every neighborhood of the zero section of End (TL) —> L, there exists a 
neighborhood V of the end E of L such that f{V) C W. 

Consider now the inclusion diagram 

L > = L U H^-^ff 



f 

End {TL) > End {TL") 
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Setting a ricmannian metric || — || on End {TL'^), we have, nsing the compacity 
of H, that, for all e > 0, there exists a neighborhood oi E in. L such that 

sup ||Jo(a;) - Ji{x)\\ < e 

So / extends continuously as the zero section over H'^'^^-f . 

Now, assume that Jq extends smoothly to L^. We claim that Ji extends contin- 
uously to L'^ with Jo = Ji on H'''^^^ . 

Indeed, take local coordinates in a neighborhood U oi x £ H'''^^^ . We assume 
that End {TL'^) is trivial over U, hence Jq and J\ are now functions with values in 
a euclidean space. We choose as norm || — || over U the euclidean norm. For e > 
and for y sufficiently near x, we have 

II Ji(2/) - Jo(a;)|| < II Ji(y) - Jo(y)|| + || Jo(y) - Jo(:r)|| 

< \\JAy) - Jo{y)\\ + e by continuity of Jo 

< 2e 

and the claim is proved. 

This is however not enough; we would like to show that Ji extends smoothly 
to L'^. To do this, we use the fact that our foliations by complex leaves are by 
definition tame. This means that we may extend J"o and jTi loW = MUC x (0, 1] 
by stating that the complex leaves of both J^o and J^i on C x (0, 1] are C x {t}. So 
the complex structures Jo and J\ may be assumed equal on the collar C x [0, 1]. 

We will now proceed by induction and repeat essentially the same argument in 
every /c-jet bundle of sections of End {TL'^) for fc > 0. 

We just do the case fc = 1. Consider the map 

h ■■ X e M ^ {x,j\f{x)) e j\M,End {TJ^)) 

where J'^iM, End (TJF)) is the bundle of 1-jets of sections of End (TJ^) and j^{f) 
is the 1-jet of /. 

Since Jq is equal to Ji not only on C but on a collar of the boundary, we have 

that j^{f) is the zero section over C. 

As before, considering the restriction of the situation to L and seeing /i as a 
continuous map from L to J^{L, End (TL)), we have that for every neighborhood 
of the zero section of J^(L, End (TL)) — > L, there exists a neighborhood V of the 
end E ofL such that fi{V) C W. 

Considering the inclusion of L into L'^ and the corresponding inclusion for the 
jet bundles, and setting a riemannian metric || — ||i on J^(_L^,End (Ti'^)), we have, 
using the compacity of iJ, that, for all e > 0, there exists a neighborhood Vc of E 
in L such that 

Vfc>0, sup ||Jo(x) - Ji(a;)||i < e 

So /i extends continuously as the zero section over H'^^^^ . Now, take local 
coordinates in a neighborhood U of x E H'^^'^K We assume that End (TL'^) is 
trivial over U, hence Jo and Ji are now functions with values in a euclidean space. 
We choose as norm || — ||i over U the maximum at one point of the euclidean norms 
of the function and all its first-order derivatives. The same sequence of inequalities 
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as above but with the norm || — ||i this time shows that j^{Ji) extends continuously 
on as j^(Jo) on H'^^^-f. It is now easy to deduce that Ji admits a extension 
to L'^ as Jo on H'^^^^. By induction, this extension is in fact smooth. 

Now the almost complex operator Ji on the whole L'^ is automatically inte- 
grable, since it is on the open and dense subset L C .L'^ so the Newlander-Nirenberg 
Theorem provides us with a complex structure. □ 

Remark. Observe that the tame condition can be replaced by the somewhat weaker 
condition: on W = M U C x (0, 1], both Jo and Ji extend in such a way that they 
are equal on the collar C x [0, 1]. This allows to use the Compactification Lemma 
in some cases where the holonomy is not flat. 

Remark. The Compactification Lemma compares two complex leaves of two diflfer- 
ent foliations as abstract complex manifolds. This implies that the compactification 
used may be arbitrary, i.e. does not depend on the foliations themselves. In par- 
ticular, if Lq, as an abstract complex manifold, admits various partial holomorphic 
compactifications at C-infinity which are topologically distinct, the Lemma works 
for every compactification and Li will admit exactly the same number of partial 
holomorphic compactifications at C-infinity. 

Here is an application of the Compactification Lemma. It shows how this Lemma 
can be used in some cases to dctcirminc the biholomorphism type of the interior 
leaves of a foliation by complex leaves. This type of argument will be used many 
times in the next Section. 

Example. Consider the solid torus endowed with the classical Reeb foliation. This 
foliation may be turned into a foliation Jv by complex leaves, with boundary leaf 
biholomorphic to an arbitrary elliptic curve E^- and with all interior leaves bihilo- 
morphic to C (see [M-V]). 

We want to prove, using the Compactification Lemma, that there does not exist 
on this fixed smooth foliation a complex structure with at least one interior leaf 
biholomorphic to the unit disk. Let be any complex structure on this fixed 
smooth foliation. The boundary leaf must be an elliptic curve, so this foliation 
agrees on the boundary with some J>. 

Let L be an interior leaf of J-" and let Lt be the corresponding leaf of J> . These 
leaves have one end whose limit set is the boundary leaf Et-. Now, the leaf L-^ 
is biholomorphic to C, so admits a holomorphic compactification as the Riemann 
sphere. 

The Compactification Lemma tells us then that L also admits a holomorphic 
one-point compactification. By the uniformization Theorem, this compactification 
is the Riemann sphere and L is then a copy of C. Hence, J^ does not have any leaf 
biholomorphic to a disk. 

The Compactification Lemma compares two different foliations. However, it is 
possible to use it with just one foliation. We now explain this point. 

Let {M,!F) be a foliation by complex manifolds with dM ^ 0. Let i be a 
leaf of Int(M) such that the limit set. DUi = C corresponding to a given end 

^1 2 ^2 2 • • • of L is a compact connected component C of dM. There exists a 
neighborhood V of C and a global submersion from y to C which is the identity 
on C. For example, we may use a collar of C in M and define 
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{z,t) GCxM+~yi — > z€C . 

Reducing V if necessary, we may assume that the previous submersion is a sur- 
jective local diffeomorphism when restricted to a leaf (intersected with V). In 
particular, LDV is locally diffeomorphic to C. Call (L n V)^^ the manifold diffeo- 
morphic to LHV with the complex structure induced from that of C by pull-back 
and call J^p^ the corresponding complex structure on V. 

Notice that the complex structure of {LDVy'' is independent of the choice of the 
submersion. Indeed, for two different choices, the foliations J^^^ are CR-isomorphic 
since the submersions are isotopic by an isotopy which is the identity on C. 

Corollary to Compactification Lemma. Assume that {Lr\V)P^ admits a partial 

holomorphic compactification at C -infinity by adding a com,pact complex manifold 
H of codimension-one. Then L admits a partial holomorphic compactification at 
C -infinity by adding H. 

Proof. It is enough to prove that the pull-back foliated complex structure is 

a foliation by complex manifolds, that is that it is tame. The Compactification 
Lemma then applies. Now, since T is tame by definition, we have that [J^Y^^^ 
is flat at the boundary (i.e. that the holonomies of the boundary components are 
smooth flat functions). This implies that the submersion used to define the pull- 
back foliation is flat at the boundary, hence the pull-back complex structure is 
tame. □ 

In the sequel, by Compactification Lemma, we will always mean the Corollary 

to the Compactification Lemma. We will also use the Compactification Lemma to 
provide uniform compactification of a "tube" of leaves. 

Uniform Compactification Lemma. In the same situation as in the previous 
Corollary, assume that L has trivial holonomy. Choose a closed transverse section 

s ~ [—1,1] to L and consider the tube of leaves C —diff i*-'^ x [—1,1] intersecting 
s. Assume that all the leaves in the tube accumulates uniformly onto C . Assume 
also that {L n vy'' admits a partial holomorphic compactification at C-infinity 
by adding a com,pact complex manifold H of codimension-one. Then C admits a 
partial CR compactification atCx [—1, l]-infinity by adding a compact CR manifold 
Hx[-l,l]. 

We omit the exact Definition of partial CR compactification. It should be clear 
from the Definition of partial holomorphic compactification. 

Proof. The proof is identical to the previous one. One just has to notice that the 
estimates work in a whole neighborhood of C in M, so are valid not only for a 
single leaf but for a tube of leaves. □ 

Example. We go back to the previous Example, where we show that a foliation by 
Riemann surfaces on a Reeb component has all interior leaves biholomorphic to C. 
A construction of the smooth underlying foliation is as follows (cf [M- V] , Lemma 
2). Let 

X = R2 X [0,oo)\ {(0,0,0)} 
foliated by the level sets of the projection onto the second factor. Let 



h : {x,y,t)eX\ — * [ax - , fix -\- ay , d{t)) e X 
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where < + < 1 and where d is a smooth function of M into R"*", which is 
a contracting diffeomorphism of M"'" and which is the identity on R~ . Then the 
quotient of X by the group generated by /i is a Reeb component. 

The foUations above can be constructed by endowing X with the trivial 
fohation 

C X [0,oo) \ {(0,0,0)} . 

Indeed, h becomes multiplication by the complex number exp(2i7rr) = a + if3 
and is a biholomorphism of the leaves. The foliation descends to the foliation J^j- 
previously described. 

We claim that, given any foliation by Riemann surfaces on this Reeb component, 
it is CR- isomorphic in the interior to some ■ We now want to use the uniform 
Compactification Lemma to prove this assertion (compare the following argument 
with the Example at the end of Section 2). Endow the Reeb component with an 
arbitrary complex structure and endow the covering X of the Reeb component by 
the pull-back complex structure. We already know that such a structure coincides 
on the boundary with some J-t and that all the interior leaves of X are biholo- 
morphic to C. Now the uniform Compactification Lemma tells us that a tube C of 
interior leaves can be uniformly compactified as a closed manifold foliated by Rie- 
mann spheres. We may thus partially compactify X as a product foliated covering 
X with compact interior leaves. But then Proposition 2 implies that the interior 
X is CR-isomorphic to the trivial family x (0, oo). Since the compactification is 
uniform, this CR-isomorphism sends Int {X\X) to a smooth section s of x (0, oo). 
Since the automorphism group of P"'^ is transitive, there exists a CR-isomorphism 
of P^ X (0, oo) sending s onto the infinite section oo x (0, oo). Composing these 
isomorphisms, this gives a CR-isomorphism between x (0, oo) and Int X sending 
C x (0, oo) onto Int X. We conclude by Corollary 1. 

Let us have a closer look to the situation of a product foliated covering tt : M — > 
M with boundary and deck transformation group isomorphic to Z. It is diffeomor- 
phic to L'^^ff X [0, oo) \ A*-'-' x {0} and a generator of the deck transformation 
group has the following form 

{z, t) G L*^'^' X M+ \ A'^'ff X {0} I — > {T{z, t), d{t)) 6 L*-''^' x M+ \ A'^'ff x {0} 

As usual, assume that d has no positive fixed point. As a consequence of the uniform 

compactification Lemma, we have: 

Proposition 5. Let tt : M ^ M be a product foliated covering satisfying all 
the hypotheses described just above. Assume moreover that it is tame and that 
the boundary leaf DM admits a partial holomorphic compactification at infinity by 
adding a compact curve C. 

Then, the whole M admits a uniform compactification at infinity by adding C; 
that is, setting 

M = {L'^'ff X [0, oo) \ A'^'ff X {0}, J) 
then J extends as a, com,plex structure on M \A C x . 

Remark. The boundary leaf dM has two ends, being a Z-covering of a compact 
manifold without boundary. On the other hand, it is diffeomorphic to L'^'^^f \ A'^'^^^ 
and every other leaf is diffeomorphic to L'^'^^^ . We implicitely assume that i*-''/ 
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has just one end, corresponding to the end of dM called infinity in the statement 
of Proposition 5. 

Proof. We take the same notations as in the proofs of the compactification Lemmas 
and consider W = M U dM x (—1,0). Observe that the covering tt extends to a 
covering from W — M U dM x (—1,0). Consider also the partially compactified 
space W = W UC x (— l,oo). Fix a > and riemannian metrics on the bundles 
of fc-jets of sections of End {TW) . From the inequalities used in the proof of the 
Compactification Lemma, and taking the pull-back by the covering, we see that 
there exists, for all e > and for all fc G N, a neighborhood W^^k of the end at 
infinity of L'^^^f x [0, a] \ A^^ff x {0} such that 

sup ||Jo(a;)->''(x)||fc<e 

where Jq (respectively J*''') are the pull-back complex structures of Jo (respectively 

By assumption, J^^ extends at infinity on C x {0}, and thus uniformly on C x 
[0, a] since [M'^^^^ ,1^^) is CR-trivial by definition. Now, the previous inequalities 
imply that this is also true for Jq by arguing as in the proof of the Compactification 
Lemma. □ 

Remark. As above, observe that the tame condition can be replaced by the some- 
what weaker condition: onW = MU dM x (0, 1], both Jq and J^** extend in such 
a way that they are equal on the collar dM x [0, 1]. 

Remark. This Proposition can be considered as an extension result. In fact, we 

already know from the uniform compactification Lemma that the interior of M 
admits the desired compactification. Hence Proposition 5 states that this compact- 
ification can be extended uniformly to the boundary leaf. This is done following the 
rough argument that the added curves C in the interior of M "converge" through 
the action of the deck transformation group onto the curve C at the boundary. 
Hence the compactification is uniform. 

To compare with, consider now the case of the other end of 9Af, i.e. assume 
that dM = L\A. Then, as said before, it is not clear that the CR-structure of M 
extends smoothly to A. 

5. The Lawson foliation does not admit 
any integrable almost CR-structure 

Theorem A. The Lawson foliation ofS^ can be endowed with a compatible almost 
CR-structure, however this structure can never be integrable. 

Proof. Let us first prove that the Lawson foliation admits (non-intcgrable) Levi-flat 
CR-structures. Notice that the inclusion of §^ as the unit Euclidean sphere of 
defines the canonical integrable almost CR-structure on S^. This structure is not 
Levi-flat since the corresponding distribution is the canonical contact structure of 
§5. At € C C^, it is equal to 

{wgC^ I {z,w)=0} 

where the angles denote the standard hermitian product of C^. 
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This contact structure is orthogonal to the contact flow which gives the Hopf 
fibration of §^ by circles. It is generated by the unit vector field 

V : G C I — > v{z) = iz . 

It is enough to prove that the distribution H tangent to the Lawson foliation 
is homotopic to the distribution of this contact structure. This implies that Ti., 
as an abstract vector bundle over is homotopic to a complex vector bundle. 
Therefore, it is a complex vector bundle by [St, Theorem 11.5], i.e. it has an almost 
CR-structure. 

We claim that there are only two homotopy classes of unit vector fields over §^ 
and that they are represented by v from the one hand, and by —v from the other 
hand. As a consequence, every 4-planes orientable distribution is homotopic to the 
distribution of the contact structure, once we take on it the "good" orientation. So 

admits an almost CR-structure. 

Let us first prove that there are only two homotopy classes of unit vector fields 
over S^. Indeed, this is exactly the number of homotopy classes of sections of the 
unit tangent bundle U of S'"'. Since it has a section (the previous vector field v), 
the homotopy sequence of the fibration splits at each step: 

i>0 7ri(f/) =7ri(§5)©7ri(§4) 

In particular, for i = 5, this gives 

7r5(C/) =ZeZ2 

Given an element j of ^^{U), notice that its component in Z is the degree of the 
composition map 

§5 [/ bundle projection^ ^5 

Therefore, a homotopy class of sections of U is exactly an element of {U) whose 

component in Z is one and the claim is proved. 

To finish with, it is enough to prove that v and —v, the two unit vector fields of §^ 
we know, are not homotopic. Assume the contrary. Then the contact distribution 
of S"'' and the same distribution with the orientation reversed would be homotopic. 
Consider the previously described action of §^ onto §^ . It leaves both distributions 
invariant. By [Br, Chapter VI, Theorem 3.1], we may assume that the homotopy 
between these two distributions is cquivariant. So there is an cquivariant oriented 
isomorphism between these two distributions [Br, Chapter II, Theorem 7.4] . Hence 
it descends to an oriented isomorphism between the tangent bundle of the complex 
projective space and the tangent bundle of P^, the manifold obtained from P^ by 
reversing its orientation. Taking account of what we said above, this would imply 
that has an almost complex structure. But this is known to be false, by use 
of Wu's theorem characterizing homologically the existence of an almost complex 
structure on a real 4-manifold, see [B-H-P-V]. This finishes the proof. 

Let us prove now that the almost CR-structures compatible with the Lawson 
foliation can never be integrable. Assume the contrary, i.e. assume the existence of 
such an integrable almost CR-structure. In fact, we will prove that it cannot exist 
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on the interior part of the Lawson foKation (that is, with the notations of 1.2, the 
neighborhood TV of if ). Recall that the boundary dM ~ if x §^ is a leaf and that 
the non-compact leaves of N are all diffeomorphic to 

L = R^/I? X D 

and are equipped with a complex structure J by our assumption. 

The proof will take the form of several Lemmas. We will describe some prop- 
erties of J imposed by the topology of the foliation; these properties will lead to 
a contradiction. The outline of the proof is the following: in Lemmas 1 and 2, we 
describe the explicit biholomorphism type of the boundary leaf, using the Enriques- 
Kodaira classification. Then, in Lemmas 3 and 4, we prove that the non-compact 
leaves are all biholomorphic to the product of C by a fixed elliptic curve. We use 
the Compactification Lemma to obtain such a result. Finally, we exhibit an as- 
sociated CR-trivial product foliated covering and compute a generator of its deck 
transformation group. This gives us an automorphism of the non-compact leaf. 

The contradiction comes now from the fact that the previous biholomorphism is 
not compatible with the complex structure of a non-compact leaf; the map which 
should be a biholomorphism of the non-compact leaf does not belong to the au- 
tomorphism group of the leaf for homological reason (its action on the homology 
groups is different from the action induced by any biholomorphism). 

We first need to review Lawson's construction with a little more care. We refer 
to [La] for details. 

Recall the bundle map 

K 

induced from the map W — > by passing to the associated unit bundle (see 
Section 1.2). 

Remark. It will be important in the sequel to distinguish the different S^-factors, 
so we label them. 

Define the map 

TT : K x^l — > X 

by composition of the natural projection and of the previous map. The important 
fact is that tt defines if x §^ as a principal torus bundle over x . 

Remark. Recall the other bundle map 

s : K^S\ 

obtained from the description of if as a suspension. Then the map 

{s,Id) : if x §^ — X §^ 

is a smooth submersion with c;ompact and connected fibers, so is a locally trivial 
smooth fiber bundle by Ehresmann's Lemma ; and it is not isomorphic to tt. But 
the key point for us is that this bundle is not principal, as previously remarked for 
the bundle map s. 
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Starting with the map tt, Lawson composes it with the natural projection onto 
one of the S^-factors and extends it as a submersion 

p:KxB4 — >Sl 

He fohates the interior if x D by the level sets of p. Notice that the choice of 
the projection does not matter. It is easy to prove that exchanging the factors of 
the base of tt lifts to a diffeomorphism of the total space K x of tt, hence the 
foliations obtained by the two different projections are diffeomorphic. Notice also 
that the two different projections come from projections K ^ both of which 
define K as the suspension of a torus by the matrix A. So we make the assumption 
that the image of p is the sam,e as the image of the suspension map s. 

Consider now the following commutative diagram 

KxSlx (0, 1] 

S{ X (0, 1] - li \ {0} 

natural projection 

SI 

where p is defined from the other arrows. 

In this setting, the leaves of the foliation restricted to if x P4 \ {0} are also given 
by the inverse images 

p-^({expi6i} X (0, 1]) 61 gR 

Now Lawson turbulizes this foliation by considering as leaves the inverse images 
p~^{C0), where Ce spirals in the disk x (0, 1] as shown in the following picture. 




This turbulized foliation extends as a foliation oi K xli such that the boundary 
ii' x S^ is a leaf. 

We may now start with the proof 



K xB4\ {0} 

Id 

X S4 \ {0} 
Id 

K xBiX {0} 
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Lemma 1. The cow.pact leaf {K x S^, J) is a primary Kodaira surface, that is a 
principal holomorphic fiber bundle over an elliptic curve with fiber an elliptic curve. 

We denote by <S this complex compact surface, by the base space of the 
associated bundle map and by Ejs the fibers of this map. 

Proof of Lemma 1. From the construction of J^c, we know that the smooth model 
of S, that is -ft' X admits a structure of a primary Kodaira surface. This implies 
that the Chern numbers and C2 of this structure are zero and that the first Betti 
number is 3 (a fact that can also be easily recovered from the description of K 
as a suspension given in 1.2). As these numbers are topological invariants, they 
keep the same values for S. On the other hand, the universal covering of K x 
is M*, which implies, using for example the long exact sequence in homotopy of 
a fibration, that the second homotopy group of S is zero. Hence S is minimal. 
The Enriques-Kodaira classification ([B-H-P-V], p. 244) shows that 5 is a primary 
Kodaira surface or a minimal properly elliptic surface. By [F-M, Theorem S3, (ii)], 
a smooth manifold cannot admit at the same time a complex structure of Kodaira 
dimension zero and another one of Kodaira dimension one. □ 

Lemma 2. The complex structure ofS is compatible with w, that is there exists a 
structure of elliptic curve Eq, on the base space of n such that n becomes a holo- 
morphic principal fiber bundle from S toEa- 

Proof of Lemma 2. By Lemma 1, there exists a holomorphic principal elliptic fiber 
bundle S ^ Ea, so that it is enough to prove that this bundle is smoothly iso- 
morphic (that is isomorphic as C°° principal bundles) to the bundle n: endowing 
K X with the complex structure obtained by pull-back by this isomorphism, it 
becomes a holomorphic principal elliptic bundle which is complex isomorphic to 
S ^Ea. 

A principal elliptic fiber bundle over an elliptic curve is obtained from a C*- 
principal bundle over E^ by taking the quotient by a group acting as a complex 
homothety in the fibers. Notice that this description fits not only to the case of 
a holomorphic bundle but also to the case of a smooth bundle. Indeed a smooth 
principal elliptic bundle over E^ can be thought of as a smooth bundle with complex 
fibers: fixing a structure of an elliptic curve on the fibers, it is preserved by the 
structural group which, by definition, consists only of translations. Then such an 
elliptic bundle is obtained from a smooth C*-bundle (that is a smooth locally trivial 
bundle over with fiber C* and structural group C*) by taking the quotient by 
a group acting as a complex homothety in the fibers. In the sequel of the proof, by 
elliptic bundle (respectively C*-bundle), we mean smooth ones. 

To this C*-bundle, we may associate its unit bundle, which is an oriented prin- 
cipal circle bundle over E^. Two such elliptic fiber bundles are isomorphic if and 
only if the corresponding C*-bundles are isomorphic and this occurs if and only if 
the associated oriented circle bundles are isomorphic. Finally this is the case if and 
only if the Eulcr numbers arc equal. 

On the other hand, from the description of K given in Section 1.2 and in [M-V], 
it is straightforward to check that, for n G Z, the isomorphism class of circle bundles 
of Eulcr number n can be represented, as an oriented manifold, as the suspension 
of a real torus by the matrix 
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Prom this, the first homology group of a circle bundle of Euler number n is 
isomorphic to Z ® Z ® Z|„|. Hence if two such circle bundles are diffeomorphic 
as a manifold, then their Euler numbers are equal up to sign. In particular the 
Euler numbers of tt and of 5 ^ differ at most by a sign. Now, changing the 
orientation of a circle bundle changes the sign of its Euler class, so we may assume 
that the Euler numbers of tt and of <S — > are the same by choosing the "right" 
orientation on tt. 

Prom all that preceeds, it follows that 5 — > E^ is smoothly isomorphic to tt, and 
the Lemma is proved. □ 

Lemma 3. Let L he a complex non-compact leaf of Af. Then L admits a holo- 
morphic compactification as a ruled surface of genus 1 by adding an elliptic curve 
Ep. 

Proof of Lemma 3. As explained above, the Lawson foliation has leaves p^^{Cg), 
where Ce is the curve of §^ x (0, 1] previously drawn. Now, we may view the open 
set given by the intersection of a curve Cg with Sj x (1/2, 1) as an open set of a Z- 
covcring of the circular boundary S} x {!}. From this, we infer that a non-compact 
leaf i* of X §1 X (1/2, 1) is an open set of the Z-covering of x S4 obtained by 
unrolling the circle following the diagram 

C^nS} X (1/2,1) > §1 

P\a 

L* > K xEl 

Notice that L* being the intersection of a leaf L ~ M^/Z^ x D with K x x 
(1/2, 1), it is diffeomorphic to R^/Z'^ x x D \ {0}. 

Let us pass now to the complex world. Tlic;n, putting on L* its pull-back struc- 
ture, we obtain an open set of a holomorphic Z-covering satisfying the diagram (see 
[M-V, p. 921-922] for the holomorphic triviality of the pull-back bundle) 



-covering _^ 



Since L* is asymptotic to C* x E^ at cx), the compactification Lemma ensures 
us that L* can be compactified by adding an elliptic curve E/3 in two ways (exactly 
as it is the case for C* xE^). We choose the compactification as follows (cf the 
remark following the Compactification Lemma) 

{L*y = (rV^^ X ^ \ {0}) u (mV^^ X D) 

so that the complex model {L, J) of a non-compact leaf of J\f admits a holomorphic 
compactification 

L" = (§1 X X 1) U (§^ X §1 x 1) = §1 X §1 X §2 

equipped with an extension J'^ of J. 

Using the Enriques-Kodaira classification, we immediately obtain that (L'^, J") 
is a ruled surface of genus 1 or an elliptic surface. Since L'^ is diffeomorphic to the 
rational surface formed by the product of an elliptic curve by , we conclude from 
[F-M, Chapter II, Theorem S.3. (i)] that we are in the first case. □ 

Here comes the most difficult Lemma. 
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Lemma 4. The interior leaves are all biholomorphic to C xE^ 
Proof of Lemma 4- Recall the map (see 1.2) 

A : [x, y] e R^/Z^ i — > [x - 3y, y] £ R^/Z^ . 

Consider now the covering 

KVZ^ X K X D4 \ {0} — ^ X ©4 \ {0} 

q p 

R X (0, 1] > Di \ {0} ~ X (0, 1] 

whose deck transformation group is generated by the map 

{[x,y],t,z) e M^/Z^ X M X e4\{0} ^ {A[x,y],t + 1, z) e R'^/Z'^ x M x D4 \ {0} . 

— 4 

The pull-back by c of the Lawson foliation restricted to K x d \ {0} is given by 
the inverse image by q of the following foliation of the strip R x (0, 1] 



invariant by the horizontal translation (t, s) 1— > + 1, s). As usual, we consider the 
pull-back complex structure on this foliation. 

We know from the previous Lemmas that the boundary leaf is biholomorphic to 
E/} X C*. Notice that the leaves we consider have now two ends, since we restrict the 
foliation toii'xD\{0}. We are interested in the end which accumulates onto the 
boundary. The restriction of the map c of the previous covering to (/"^(R x (1/2, 1]) 
sends the fohation restricted to ^"^(R x (1/2, 1]) to the initial foliation with leaves 

n (1/2, 1). In other words, we may make use of the Compactification Lemma on 
this covering to partially compactify the leaves as open subsets of ruled surfaces 
of genus 1 as in Lemma 3; but in this new context, we may also make use of 
the uniform Compactification Lemma to partially compactify a tube of leaves in 
a uniform way. Observe that the elliptic curve we add has to be a section for 
topological reasons. 

Remark. It should be pointed out that the covering we use here is not a product 
foliated covering. Nevertheless, this covering has a special property that we will 
use. Indeed, as said before, the loaves have two ends, but in the quotient only 
one end accumulates onto the boundary. And what is more important, this end 
accumulates onto the boundary not only in the quotient space but also in the total 
space of the covering. The important consequence is that we may assume that the 
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tube of leaves we compactify eontains the boundary leaf, even if we are not under 
the hypotheses of Proposition 5. 

We thus form a compactified tube of leaves S ~ 'M? /I? x D x [0, 1] such that 

(i) the leaf X-i (boundary leaf) is C x E^. 

(ii) the other leaves are open dense subsets of ruled surfaces with a holomorphic 
section 

(iii) there is a CR-injection 

X [0, 1] . S 



[0,1] [0,1] 

Notice that the last point is a direct consequence of the fact that the compact- 
ification is uniform. Consider now the normal bundles of E^ in each fiber. Point 
(iii) implies that they fit into a deformation family y [0, 1] of line bundles over 
E^ (in the sense of Section 3), all of which are topologically trivial. Using the fact 
that T sends a leaf of X CR-isomorphically to another leaf which is closer from 
the boundary, we have that the family y satisfies the hypothesis of the Dumping 
Lemma, with boundary fiber isomorphic to C x E/3. 

Going back to the Lawson foliation, all this means that an interior leaf is obtained 
from a ruled surface of genus 1 by removing a section with holomorphically trivial 
normal bundle. Therefore the ruled surface is a product and the interior leaves are 
biholomorphic to C x E^. □ 

We are now in position to terminate the proof. 

The open set Int J\f identifies with K xH^. From 1.2, we have a Z-covering 

rn^/Z^ X R X ©4 — y K XO4 

whose deck transformations group is generated by 

h : {[x,y],t,w) — > {A[x,y],t + l,w) 

Consider the trivial foliation of K^/Z^ x R x D4 given by the level sets of the pro- 
jection onto the R-factor. This foliation is invariant by h and. from what preceeds, 
descends on if x D4 as the foliation used by Lawson before turbulization (recall 
that we made the assumption that the images of p and of s are the same). As 
this foliation is diffeomorphic to the final one, it is endowed with an integrable al- 
most CR-structure by our assumption. We may take the pull-back of this structure 
and obtain thus an integrable almost CR-structure on R^/Z^ x R x D4 such that 
the projection map is CR. In other words, it becomes a product foliated covering. 
Lemma 4 implies that the leaves of this covering are all biholomorphic to C x E^. 
Moreover, since it is CR-isomorphic as a covering space to the covering used in 
the proof of Lemma 4 (in restriction to D4 \ {0}), the leaves can be compactified 
uniformly as x E^. This compactified foliated covering is CR-trivial by Propo- 
sition 2. Since the compactification is uniform and since the automorphism group 
of X E^ is transitive on the Pi-factor, the initial product foliated covering is 
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CR-trivial. It follows now from Proposition 3 that the monodromy of this covering 
is well-defined as a biholomorphism of C x E^. Since the smooth monodromy is 
given by {Id, A) , this means that C x should admit a biholomorphism smoothly 
isotopic to {Id, A) , and in particular which acts as the matrix A on the first ho- 
mology group IIi{L,Z) ~ Z^. However, it is an easy matter to check that every 
automorphism of C x is isotopic to {Id, S) where S is an automorphism of E/3 
and that this is not the case of {Id, A). □ 

6. The set of integrable almost CR-structures of a smooth foliation 

Let (M, J^'^^ff) be the pair consisting of a smooth manifold M without boundary 
and a smooth codimension-one foliation !F'^^ff on it. We call complex strucf,ure on 
(M, J^'^-^-ff) the data of an integrable almost CR operator J^r on the tangent bundle 
to the foliation TJ^'^^^^ . Of course a complex structure corresponds to a foliation 

by complex manifolds of M whose underlying smooth foliation is T'^'^^^. 

Two complex structures Jj: and Jj:i of (M, J^'^^ff) are equivalent if there exists 
a foliated diffeomorphism of {M,^''-'^^^) whose differential commutes with Jj^ and 
Jj:i. Two equivalent complex structures give rise to CR-isomorphic foliations by 
complex manifolds T and T' . 

Definition. We say that two complex structures Jj: and Jj^i are strongly equivalent 
if there exists a CR-isomorphism between {M,Jj^) and {M,Jj^i) which does not 
exchange the leaves, i.e. which descends to the identity of the leaf space MjT'^'^^^ . 

Wc arc now in position to give the principal definitions of this Section. Assume 
from now on that M is compact. 

Definition. We call space of complex structures of {M,!F'^^-ff) the set of classes 
of strongly equivalent complex structures on {M,^'''^^^). 
We denote it by C(M,jr*//). 

Remark. In the same way, wc may define a set C{M,T^°p) by considering, modulo 
CR-isomorphisms which do not exchange the leaves, the set of classes of foliations 
by complex manifolds of M homeomorphic to a fixed model J^°p. We will see that 
it can be completely distinct from C{M,J^'^^^^). 

Remark. We could also define C{M,T'^^ff) (respectively C(M, as the set of 

classes of foliations by complex manifolds of {M, J^'^^ff) modulo CR-isomorphisms, 
that is allowing also CR-isomorphisms which exchange the leaves. We will see in 
the second example of this Section that it may lead to different spaces. 

Note that C{M.T''''^ can be empty even if each leaf of T'^'^ff can be endowed 
separately with a complex structure: by Theorem A, this is the case for the Lawson 
foliation. 

Note that when non empty, C{M.T'^'^^^) docs not have in general a structure of 
a complex manifold; if it has, it may be finite or infinite dimensional. 

We turn now to the definitions of deformation families and moduli spaces for 
foliations by complex manifolds (compare with [Su, p. 138-139]). 

Definition. Let X be a complex manifold. Let {V, J) be a sm,ooth m,anifold en- 
dowed with a codimension-one integrable and Levi- flat almost CR-structure. Let 
n : V ^ X be a CR-submersion. Then, we say that n is a deformation family of 
{M,T'^^ff) if for every x&X, 
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(i) the manifold 7r^"'"({,T}) is diffeom,orphic to M. 

(a) the almost CR-structure JofV defines a codimension-one, integrable and Levi- 
flat almost CR-structure on the fiber 7r^^({a;}). 

(in) there is a foliated difjeomorphism between {V, T) and M x X endowed with the 
foliation J^'^^^f on each M x {pt} such that we have a diagram 



{v,:f) 



Id 



M xX 

2nd projection 

X 



In the case of a foliation having a compact leaf, there is a direct relationship be- 
tween deformation families of the foliation and deformation families of the compact 
leaf. 

Proposition 6. Let n : V ^ X be a deformation family of {M,J^'^^^^ ). Let L be a 
compact leaf of . Then n induces a holomorphic deformation family W ^ X 
ofL. 

Proof. Consider the foliation by complex manifolds Q oi V induced by J. For x 
varying in X, the union of the compact submanifolds of 7r~^({a;}) corresponding to 
the compact leaf L via point (iii) of the Definition is a leaf W ofQ, and therefore a 
complex manifold. The restriction of tt to is a holomorphic submersion onto X 
and defines thus a holomorphic deformation family of L. □ 

Given a deformation family n : V ^ X of {M,T'''^^^), there is a natural map 
from X to C{M,J^'^'^f): just define a^{x) to be the point of C(M,:r*//) corre- 
sponding to the CR-structure of 7r~^({a;}). 

Definition. Assume that C{M,J^'^^ff) can be endowed with the structure of a com- 
plex manifold Cc- Leti be the identification map between C{M,T'''^^^) andCc- Then 
Cc is called a coarse moduli space if 

(i) given any deformation family n : V ^ X of (M, J^*-'-' ), the natural map i o a.^ 
is holomorphic as map into Cc- 

(a) the pair {Cc,i) is unique up to composition with a biholomorphism of Cc- 

If a coarse moduli space exists, we denote it by A4{M,J^'^^^^). 

Remark. In the classical case of moduli spaces of compact complex manifolds, a 
coarse moduli space as well as the base of a deformation family are usually not 
assumed to be a manifold but only a complex analytic space (with some special 
properties). Here, we may easily modify our Definition of coarse moduli space in 
this way. However, the exact version of the singular deformation families in our 
case is not very clear: if we take in the definition of a deformation family a singular 
base X , then {V, J) should also be singular. But V is real, and cannot be taken real 
analytic but only smooth, since real analytic codimension-one foliations do not exist 
on a simply-connected compact manifold by a classical result of Haefiiger [Hae]. 

Given a deformation family it : V ^ X and a holomorphic map between complex 
manifolds / : F — > X, we may of course define a pull-back family f*n. 
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Definition. Assume that {M^T'^^^^) has a coarse moduli spa,ce A4(M.T'^^^f). 
Then it is a fine moduli space if there exists a deformation family H : W ^ 
M{M,T'^'^ff) of {M,r'^''ff) such that every deformation family n : V ^ X of 
{M,J^'^'ff) coincides with <n. 

In the classical case of compact complex manifolds, it is too much to expect to 
have a fine moduli space and the corresponding Definition is not pertinent. Indeed, 
if a fine moduli space exists for a smooth compact manifold X, then every locally 
trivial holomorphic bundle with fiber difFeomorphic to X has to be holomorphically 
trivial, since it defines a holomorphic family of deformations of the fiber which is 
the pull-back of a point in the moduli space. But this is very restrictive, and we 
do not know of any smooth compact manifold admitting a (non-empty) fine moduli 
space. 

In our case, similarly, if a fine moduli space exists for {M,^'^'^^^), then every 
deformation family whose fibers are all biholomorphic; must be; trivial, that is bi- 
holomorphic to a product. For this reason, the examples we present in this article 
do not have a fine moduli space. This leads to the question. 

Question. Does there exist a pair (M, .F*-''-^) which admits a (non-empty) fine 
moduli space? 

Here are two examples. 

Example. Consider the classical Rceb foliation J^^<^''^ of S'^ (see [Go]). Fix a 
Riemannian metric /x on and an orientation on ^^<^'^''. The restriction of /z 
to a leaf L defines a Riemannian metric on the oriented manifold L, that is a 
structure of Riemann surface on L. The foliation becomes in this way a foliation 
by Riemann surfaces. In particular C{E>^,J^^'^^^) is not empty and there is a map 
between the set of conformal classes of Riemannian metrics on § ' and C{S^ , J^^^^^). 
Conversely, fix a foliation by complex manifolds on JF-'''^''''). The integrable 
almost complex operator defines a conformal class of Riemannian metrics on each 
leaf and the property of transverse smoothness of the operator means that these 
conformal classes fit into a conformal class of Riemannian metrics on the whole §^ . 
Therefore this map is surjective. 

Notice that the choice of the orientation of J^^'^'^'^ is not important. Indeed, let 
J be an integrable almost CR-structure on J^^'^'^^ respecting a fixed orientation. 
Then — J defines an integrable almost CR-structure on J^^^^'' respecting the other 
orientation. So the situation here is different from that of S^. 

The Reeb foliation is constituted by one compact leaf diffeomorphic to a real 2- 
torus and by non compact leaves, which are all diffeomorphic to M^. More precisely, 
the sphere is decomposed into the union of two solid tori 

§^ = §^ X 1 U D X 

each copy of these being endowed with a foliation (Reeb component) which can be 
described as follows (cf [M-V, Lemma 2]). Let 

X = E2 X [0,00) \ {(0,0,0)} 

foliated by the level sets of the projection onto the second factor. Let 

h : {x,y,t)€X\ — > {a ■ x, P ■ y,d{t)) € X 
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where < + < 1 and where d is a smooth function of M into R"*", which is 
a contracting diffeomorphism of M"'" and which is the identity on R~ . Then the 
quotient of X by the group generated by /i is a Reeb component. 

Assume now that {S^, p^'^'^^') is endowed with a foHation by Riemann surfac;cs T 
and consider the induced integrable, Levi flat, almost CR-structure on each Reeb 
component. Then the previous covering X becomes, by pull-back by the covering 
map, a product foliated covering. The compact leaf of T is an elliptic curve 
and thus the boundary leaf of X is C*. We claim that the non-compact complex 
leaves of !F are all biholomorphic to C. Indeed, by Corollary 3, we may assume 
that the previous structure is tame. Then the claim is proved in the first Example 
of Section 4. 

Remark. Here is an alternative proof for this fact. Assume that there exists i > 
such that Lt is not biholomorphic to C. By Riemann-Poincare-Koebe Uniformiza- 
tion Theorem, it is thus biholomorphic to the open unit disk B. In particular, 
there does not exist a sequence of holomorphic functions of the disk of radius n 
into Lt with derivatives in bounded by below. Now, take an increasing sequence 
T> = {Dn) of disks of radius n in the boundary leaf of X seen as C*. Note that 
Ld,P(t) is biholomorphic to the unit disk for all p. As d is contracting, this means 
that there exists a copy of Lt as close to the boundary leaf as wanted. Note that 
the map 

is : (x,y,0) G (M^ X {0}\ {(0,0,0)}) ^ eL« 

injects smoothly the boundary leaf in the leaf Ls for all s > 0. Using this map, 
we may embed smoothly the family V into L^p^t) for all p by embeddings with 
derivatives in bounded by below. Although ig is not a priori holomorphic, as 
lo is the identity map of C*, then for s sufficiently small, is is quasi-conformal 
with a distortion factor which tends to one as s tends to 0. As a consequence, the 
family V in L(jp(t) is a family of quasi-conformal disks with a distortion factor which 
tends to one when p tends to cxd. Passing to the limit in p, we obtain holomorphic 
embeddings of each disk of 2? in ~ D with derivatives in bounded by below. 
Contradiction. 

Moreover, we know from the second Example of Section 4 that the interior part 
of the product foliated covering X is biholomorphic to C x (0, oo). 

We want now to prove that X is CR-isomorphic to C x R+ \ {(0,0)}. Let A 
be an (open) annulus in dX ~ C*. Observe that there exists a relatively compact 
open set A, a real number e and a map (j): Ax [0, e) such that 

(i) The intersection of A with the leaf Xt is a topological annulus At (with Aq = A) 
ioi t < e and is empty for t > e. 

(ii) The map ^ is a CR-isomorphism. 

This can be done by hand in this particular case, or may be deduced directly 
from [A-V, Proposition 2]. Let D be the disk of C whose boundary is the exterior 
boundary of A. In the same way, let Dt be the topological disk of Xt whose 
boundary is the exterior boundary of At. Call K. the union of D \ {0} and Dt for 
all f. ill (0. e). Note that the set /C is open in X and contains A. Recall that we may 
uniformly compactify the family X by adding one point at infinity to each leaf (cf 
Proposition 5). This gives a family X'' whose interior leaves are all biholomorphic 
to and whose boundary leaf is C. 
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We perform now the following surgery on X"^: cut \ ^ and glue D x [0, e] along 
A by (j). We obtain in this way a new CR-manifold X'^ such that 

(i) There is a CR-injection from X'^ \ /C in X"^. 

(ii) The family X"^' is a deformation family of P"'^ parametrized by [0, oo). 

By Proposition 2, X'^ is a trivial family. Hence there exists a CR-isomorphism 
between \ (/C \ A) and x [0, oo) \ {{D \A) x [0, e)). We may transfer the 

action through t/j. To be more precise, if, in a model X = {M? x [0, oo) \ {(0, 0)}, J), 

the action defining the Reeb foliation is given by 

{z, i) e x [0, oo) \ {(0, 0)} ^ {At{z), d{t)) e X [0, oo) \ {(0, 0)} 
as usual, then let 

Through the conjugation by tj), the action on P-^ x [0, oo) \ ((£> \ ^) x [0, e)) is given 
by {z^t) {Bt{z),d{t)) (where it is well-defined). Now, we may also see (Bt) as 
a 1-parameter family of biholomorphisms defined in a neighborhood of oo in P^. 
Observe that these biholomorphisms fix oo and that this fixed point is contracting. 
Hence by Koenigs' Theorem with parameters [Mi3, p. 74-75], it may be linearized 
and the linearization map may be assumed smooth in the parameter. Hence, there 
exists a neighborhood U of the infinite section X'^\X in X'^ and a CR-isomorphism 
X sending U to an open neighborhood of oo X [0, oo) in P-^ x [0, oo) which conjugates 
the previous action to a linear action 

{z, t)eU' C x{U) ^ (A(t) • z, d{t)) G U 

where (A(t))tg[o.oo) is a smooth family of complex numbers satisfying < \\{t)\ < 1, 
and U' a well-choscn open set. 

Since the action on P^ x [0, oo) \ {{D \A)x [0, e)) extends to P^ x [0, oo), we may 
use it to extend the CR-isomorphism x as a CR-isomorphism from [X'^'^^^ \ {0} x 
[0, oo), J) to C* X [0, oo) (wc drop the infinite section; since the compactification is 
uniform and all the maps fix the section, this is not a problem), and finally from 
X to C X M+ \ {(0, 0)} by Riemann's Theorem. 

As a consequence of Corollary 2, two "complex" Reeb components are biholo- 
morphic if and only if their compact leaves are biholomorphic (notice that the 
previously described CR- isomorphisms do not exchange the leaves). Therefore, to 
determine the set of almost CR-structures of (§^, J^^^^^), we just have to determine 
which complex numbers can appear as modulus of the compact leaf. 

We claim that any modulus t can be obtained: to do this apply twice Lemma 
2 of [M-V], once to obtain a complex Reeb component with boundary leaf biholo- 
morphic to and then to obtain a complex Reeb component with boundary leaf 
biholomorphic to E^-i. Glue together these two components via the biholomor- 
phism switching meridians and parallels [M-V, Corollary of Lemma 1] . 

Observe that, if we set = (J^^'^'^^, J), then the "complex conjugate", that is 
^jrReeb^_j^^ is CR-isomorphic to J^-f. This is because the complex conjugation 
on the leaves of the product foliated covering C x M+ \ {(0,0)} descends to a 
biholomorphism between and J^-f. 
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As a conclusion of all that preceeds, the set of complex structures of the Reeb 
foliation can be identified with H/PSL2(Z) ~ C. 

We claim that it is a coarse moduli space. To see this, take any deformation 
family n : M ^ X of {S^,J^^^^^) and consider the natural map : X ^ C. 
Restricting tt to the union of the compact leaves of each fiber, we obtain a complex 
analytic deformation family of complex tori 5 — > X by Proposition 6. The map 
can thus be seen as the modular function along the fibers of this family and is 
therefore holomorphic in the base space X. In other words, {E>^,J^^^^^) admits a 
coarse moduli space isomorphic to C. 

We also claim that there does not exist a fine moduli space. This is because the 
translations of the compact leaf extend to CR,-isomorphisms of the foliation, [M-V, 
Lemma 2]. As a consequence, every holomorphic principal elliptic fiber bundle gives 
rise to a holomorphic family of deformations of Indeed, let X —* B be 

such a bundle and let be its fiber. Let {Ua)aeA be an open covering of B and 

ga0 ■■ UanUp — > El- 
be a cocycle representing X. Then seeing now E^ not as the group of translations 

of the fiber but as a subgroup of the group of CR-isomorphisms of (S'', JF^*^*^^) 
endowed with the complex structure J-'r, we may construct from the cocycle (ga/s) 
a holomorphic family of deformations of {S^,J^^^^^) whose fibers are all isomorphic 

to Tr- 

Assume that there exists a fine moduli space for {Ei^ , J^^^^^) . As observed before, 
this implies that the previous family of deformations is CR-trivial. Then the bundle 
X ^ B has to be holomorphically trivial. But there exist principal holomorphic 
elliptic bundles which are not trivial, for example the surface S of this article. 
Contradiction. 

Example. Let denote the real 2-torus and let X = x S^. Consider on X 

the smooth foliation J^'^'^ff by given by the level sets of the projection onto the 
§i-factor. We claim that the set of integrable almost CR-structures of [X^T'^^^^) 
is an infinite-dimensional Frechet space. 

To see that, recall the following construction of a complete deformation family 
for (see [M-K, p. 18]). Let HI denote the Poincare half-plane and consider the 
group of transformations of H x C given by 

G = {(r, z) G H X C I — > {t, z + m + nr) G H x C | (m, n) G 

This group acts freely and properly discontimiously on EI x C so the quotient is a 
well-defined complex manifold A4. It can be checked that the natural projection 
H is a holomorphic submersion. This implies that A4 is diffeomorphic to 
X M^. The fiber over r is the elliptic curve of modulus r. 

Let a be a smooth map from to H. We can take the pull-back of the submer- 
sion M ^ M by a. As this submersion is difiieomorphically trivial, the total space 
of the pull-back is difi'eomorphic to X. 



X > M 
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This pull-back construction endows {X, J^'^'^fS^ with a compatible foliation by ellip- 
tic curves, let us denote it by !Fa- 

Recall now that EI/PSL2(Z) ~ C parametrizes the modulus of the elliptic curves. 

Let TT be the natural projection from H to EI/PSL2(Z). Let F = x [0, 1] and let 
be a foliation by elliptic curves of V compatible with the natural projection onto 
[0. 1]. Then, there is a smooth map / from [0, 1] to H/PSL2(Z) ~ C given by the 
modular function on each fiber. And / lifts to a smooth map / from [0, 1] to H. 
Consider the pull-back foliation by elliptic curves on V defined as f*Ai. 

Lemma. The foliations T and f*A4 are hiholom,orphic. 

Proof. Since the family A1 — > HI is complete, the foliations f*M. and .F are locally 
biholomorphic. Hence f*M is locally biholomorphic to the quotient of C x [0, 1] 
by a smooth family of lattices Ct ■ This implies that the universal covering of is 
a locally trivial CR bundle with fiber C over the unit interval. But such a bundle 
is globally trivial and the previous biholomorphism is also global. □ 

As a consequence of this Lemma, every foliation of {X,T'^'^-^ -1) is biholomorphic 
to some J^a- On the other hand, take two maps ai and a2 from §^ to M. If J^^i is 
biholomorphic to , we have 

TT O Q!2 = TT O ai 

Conversely, if this equality is satisfied, it lifts to a diffeomorphism f of X which 
maps the pull-back foliation J^ai to the pull-back foliation .F„2 without exchanging 

the leaves. But, by the previous equality, the modulus of the leaf of above 
z € and the modulus of the leaf of above z are the same and thus / is a 
biholomorphism . 

Therefore C(X,F*-^^) can be identified with the space of smooth maps from § 
to H, up to action of PSL2(Z) on the target space. This is an infinite-dimensional 
Prechet space [P-S] . Note that in this case there is no natural complex structure on 
this set of integrable almost CR-structurcs, and no coarse moduli space. 

Remark. The space of smooth maps from §^ to H, up to action of PSL2(Z) on the 
target space is different from the loop space of H/PSL2(Z) ~ C. In fact, a map 
from S""^ to H/PSL2(Z) ~ C lifts to a map from [0. f] to H such that the images 
of and 1 belong to the same PSL2(Z)-orbit. By the pull-back construction, this 
defines a foliation by elliptic curves on the suspension of by some element of 
PSL2(Z), and not on X (cf the Example after Proposition 3). 

Note also that if we define C{X, T'^'^^f) as the set of foliations by complex mani- 
folds of X diffeomorphic to J^'^-^^f up to CR-isomorphisms, then it can be identified 
with the space of smooth maps from S-^ to H, up to action of PSL2(Z) on H, and 
up to reparametrization. 

7. The set of integrable almost CR-structures of J^^^ 

Let X = K X S^. By Lemma 1, every complex structure on X is that of a 
primary Kodaira surface. It is obtained from a C*-bundle over an elliptic curve 
E(j of Chern number —3 by taking the quotient of the fibers by a fixed homothety. 
Therefore, the set of pairwise non-biholomorphic complex structures on X -let us 
denote it by C{X)- identifies naturally with 

{{a,(3,x) I a e H/PSL2 (Z) , /3 e H/PSLs (Z) , xG Pic_3 (E„ ) } 
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where Pic_3(E„) denotes the subset of the Picard group of constituted by 
elements corresponding to Hne bundles of Chcrn number —3. Recall that it has 
a natural structure of an elliptic curve [Gu, §7-8]. 

Remark. The minus sign of the Chern number is not important. In fact, if X — > E„ 
is an elliptic fibration of Chcrn number —3, the automorphism z ^ —z on the fibers 
sends X biholomorphically onto an elliptic fibration of Chern number 3. As a 
consequence, we could replace Pic_3(Ea) by Pic3(Ea) in the previous identification 
of C(X). 

We will denote the corresponding manifolds by S{a, (3, x) and will say that such 
a complex X is of type (a, /?, x). We denote by W{a,x) the corresponding C*- 
bundle. By abuse of notation, a (respectively 0) will be considered as an element 
of H and not only as a class of H/PSL2(Z). Let a E M. Consider an embedding 
ia of Ec into as a cubic curve. To this embedding is associated the C*-bundle 
obtained by pull-back by of the bundle \ {(0,0,0)} P^. This bundle is 
independent of the embedding. Indeed, two distinct cmbcddings are conjugated by 
an element of PGL3(C), which induces an isomorphism of the tautological bundles. 
We call this bundle the natural C* -bundle of E^ and we denote it by a. 

Recall (cf Section 1.3) that is obtained by gluing a foliation of an open set 
TV and a foliation of its complement. We call interior part this set M with its 
foliation and denote by <Si the compact leaf which bounds it. On the other hand, 
the foliation of §^ \ A/" contains another compact leaf. We denote it by 1S2 . The 
leaf 1S2 separates E>^\N into an open set foliated by leaves diffeomorphic to W and 
an open set foliated by Milnor fibers. We call the first open set the collar and the 
second one the exterior part. 

We turn now to the description of the set of integrable almost CR-structures of 
the foUation of [M-V]. 

Theorem B (Rigidity Theorem). 

(i) Let T be a foliation 0/ by complex surfaces diffeomorphic to J-'c. Then, the 
two compact leaves are of respective type {a,P,a) and {a,/3',a), where a, (3 and fi' 
are any classes o/]HI/PSL2(Z). 

(ii) Let T and T' be two foliations of by complex surfaces diffeomorphic to 
J-'c ■ Then T and J-' are biholomorphic if and only if the compact leaf Si of J- 
is biholomorphic to the compact leaf 5( of T' and the compact leaf S2 of T is 
biholomorphic to the compact leaf S'2 of T' . 

The following Theorem is a realization result. 

Theorem C (Realization Theorem). The set C{S^ identifies with 

H/PSL2(Z) X H/PSL2(Z) X H/PSL2(Z) ~ C x C x C . 

A point ofC{^^,T^^^) is entirely determined by the images by the modular function 
of the moduli of the following elliptic curves: 

(i) the common base of the two compact leaves. 

(ii) the fiber of Si . 
( Hi) the fiber of S2 ■ 

In other words, the deformations of J-c are fixed by the deformations of the two 
compact leaves, and only three "parameters" among the six of C{X) x C{X) may 
vary. 
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Remark. As noticed at the end of Section 1.3, the fohation of is not unique 

up to smooth isomorphisms, but only up to topological isomorphisms. As a conse- 
quence, it is easy to check that the set C(S^,.F^°^) is not finite dimensional. 

Proof of Theorem B. Let .F be a foliation of by complex surfaces diffeomorphic 
to J^c- 

Step 1 : the interior part. Wc will prove that the non-compact leaves of the interior 
part are all biholomorphic and that their biholomorphism type is fixed by the type 
of Si. Let us denote by (a, /?, x) the type of 5i. 

The general argument, which will be used here and in steps 2 and 3, is the fol- 
lowing. Take a non-compact leaf L. As it spirals over iSi, it (or an open set of it) 
admits a C°°-submersion over Si (see Section 4). So we may define L^^ and com- 
pare it to L. A priori they arc different as complex manifolds. Now, wc determine 
the exact biholomorphism type of L^^ (notice that it depends only on the complex 
structure of Si) and show that it admits a holomorphic compactification. The com- 
pactification Lemma ensiircs us that L admits also a holomorphic compactification. 
Then, making use of the Enriques-Kodaira classification, it is possible to give the 
biholomorphism type of this compactification and to prove that it is the same as 
the compactification of Lp^. Going back to L, wc conclude that L and L^'' arc 
biholomorphic and therefore that the complex structure of the non-compact leaves 
is fixed by the structure of the compact leaf. 

Lemmas 1 and 2 arc still valid. In particular, a non-compact leaf L is diffeomor- 
phic to a line bundle over . Let L* C Lhe the complex manifold diffeomorphic to 
the associated C*-bundle. Let also {L*y^ denote the associated pull-back complex 
structure. It follows from what proceeds and from the construction that, topologi- 
cally, L* is the Z-covering of iSi obtained by unrolling the elliptic fibers so that 

We may partially compactify (L*)p^ as the line bimdlc associated to W(^a.x) by 
adding an elliptic curve Eq . Wc denote this line bundle hy L(^a,x)- It is diffeomorphic 
to L. The compactification Lemma shows now that L can be compactified by adding 
a copy of Eq and is diff{X)morphic to a P-'^-bundle over Eq,. As usual, let L'' be the 
corresponding compact surface. 

Lemma 5. The compact surface L" is a ruled surface of genus one. 

Proof. From the exact sequence in homotopy of the smooth §^-fibration L" 

X E)^ , wc know immediately that the second homotopy group of L"^ is generated 
by the fiber and that the fundamental group of L'^ is Z^. Therefore L'^ is minimal 
with bi equal to two. Recall that the group of orientation preserving diffeomor- 
phisms of the 2-sphere retracts onto SO2 [Sm]: hence we may assume that our fiber 
bundle has structural group SO2 and that it is the boundary of a disk bundle. 
Therefore L" is cobordant to zero and its Chern numbers and signature are zero. 
The Enriques-Kodaira classific;ation proves thus that L'' is a ruled surface of genus 
one, or a minimal properly elliptic surface or an hyperelliptic surface. This last case 
is impossible since the universal covering of an hyperelliptic surface is contractible 
whereas the universal covering of L'' has non-zero second homotopy group. 

By [B-H-P-V, Chapter IV, Theorem 2.7], we have h^^^f^L") = 1, i.e. there exists a 
global holomorphic 1-form on L^. This implies that the Albanese torus is an elliptic 
curve E^ and the Albanese map is a surjective holomorphic map tt : i'' — > E^. 
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Assume now that L'^ is elliptic, that is that there exists a holomorphic map p 
from L'^ to some Riemann surface S whose generic fiber is an elliptic curve. Observe 
that the smooth vector fields of the base of the smooth fibration L*^ — » §^ x §^ can 
be lifted to smooth vector fields of L'^ by means of a connection. Hence the Eider 
characteristic of L'^ is zero, so this elliptic fibration is obtained from a torus bundle 
over E by performing logarithmic transformations along some fibers (see [F-M, 
Chapter II, Proposition 7.2]). In particular, the fibers of p are non-singular and 
form a family of smooth elliptic curves which covers 

Let C € !F. The restriction of tt to C is a holomorphic map between complex 
tori, that is a constant or a unramified covering of degree d > 0. By continuity of 
the degree of tt in the family this does not depend on the curve C, that is one 
the following statements is verified. 

(i) For every C G J^, the map tt restricted to C is constant. 

(ii) For every C & the map tt restricted to C is an unramified covering of fixed 
degree d. 

Assume (i). Then the fibers of tt contain elliptic curves, that is the generic fibers 
of TT are elliptic curves. In other words, tt is also an elliptic fibration, with base a 
complex torus. But this would imply that the second homotopy group of L'^ is zero 
and would give, as before, a contradiction. Indeed, let z be a map from §^ to L'^. 
The projection tt o i is homotopic to a constant since the target space is a torus. 
Now, we may define a connection on the elliptic fibration by taking a transverse 
field to the foliation it defines. This allows us to lift the previous homotopy to a 
homotopy between i and a map whose image lies in a fiber. Since the fiber is a 
torus we may then homotope i to a constant. The statement (ii) holds. 

Remark. The same proof shows that, for any elliptic Seifert fibration X ^ B (that 
is with only multiple fibers), the fc-th homotopy groups of X and B are equal (for 
k > 1). 

As a consequence of (ii), the map tt is a holomorphic submersion, so, by Ehres- 
mann's Lemma, a locally trivial smooth fiber bundle. The exact sequence in ho- 
motopy of the bundle implies that the fiber is . The Theorem of Fischer-Grauert 
[F-G] implies that tt is a locally trivial holomorphic fiber bundle over E^- with fiber 
P^, i.e. a ruled surface of genus one. □ 

A non-compact leaf L is obtained from the ruled surface L'^ by removing an 
elliptic curve E^. This elliptic curve is a section of the P^-bundle since it is a 
section for its topological model and a holomorphic submanifold of L'^. In other 
words the ruled surface L'^ is a P-bundle over with one holomorphic section, 
P-bundle meaning locally trivial holomorphic bundle with fiber P^ and structural 
group PSL2(C); whereas i is a j4-bundle over E^, that is a locally trivial holomor- 
phic bundle with fiber C and structural group Aff{<C), the one-dimensional affine 
group. We want to prove that L is a line bundle over Eq,- This is equivalent to 
showing that the P-bundle L'^ admits another holomorphic section disjoint from 
the first one. Notice that L is diffeomorphic to a line bundle of Ghern number —3 
over Ea- Consider an open covering Ua of Eq, and a cocycle 



5a/3 : zGUcDU^^iw^ a{z)w + b{z)) e Aff{C) 



40 



LAURENT MEERSSEMAN, ALBERTO VERJOVSKY 



representing the afBne bundle L. Then this cocycle is smoothly homotopic to the 
cocycle 

z eUaCiUffi — > a{z) e C* 

that is, the affine bundle is equivalent, as a smooth bundle, to the line bundle 
defined by the previous cocycle. Call this bundle the associated line bundle. Notice 
that this line bundle has also Chern number —3. 

The following result is a weak version of a Theorem of Atiyah. 

Theorem (see [At], Theorem 6.1). Let B be a A-bundle over an elliptic curve. 
If the degree of the associated line bundle is different from and from —1, then B 

is projectively equivalent to a C* -bundle. 

Thanks to this Theorem, a non-compact leaf L is a line bundle L{a,y). Never- 
theless, step 1 is not yet finished, since it is not a priori clear that y is independent 
of L and that y is equal to x. To prove this fact, we make use of the Dumping 
Lemma. 

Lemma 6. Every non-compact leaf is biholomorphic to L(^^ ,^y 

Proof of Lemma 6. The argument used here will be referred hereafter as the dump- 
ing trick. It uses of course the Dumping Lemma. Let 

and define 

T{x, y, u, V, t) = (x, y, (u, v) ■ A, d{t)) 

S{x, y, u, V, t) = ((x, y) ■ B, {u, v) ■ ^/))-^ i) 

for A, B and * matrices chosen so that the previous model forms exactly the smooth 
version of the complex Z^-covering used in [M-V, p. 922] to foliate the interior 
part Af (see Section 1.3). Notice that Int Y = Int {X'^'-ff )/ {S) is diffeomorphic 
to L*-''-^ X (0, oo) and that dY is diffeomorphic to W^^^'f . Let J(t) be the CR- 
structure on X'^'^ff coming from the foliation of TV. The leaves are the level sets of 
the projection onto the t-factor. Let Jo be the CR-structure induced on Y. Let Lt 
be the complex leaf of Y corresponding to the level set t. Remark that, for t > 0, 
the leaf Lt is a line bundle L(^ci,x(t)), whereas Lq is VK(o:..r)- Indeed, the (T)-action 
onto Y sends the leaf Lt onto the leaf L^jfj). As a consequence, there is no (T)- 
action on a leaf Lt for t > 0, thus the leaves of the interior of TV and the leaves of 
the interior of Y are biholomorphic. Finally, the (T)-action onto Lq defines exactly 
the covering Wf^^^x) ~^ Si. 

The uniform compactification Lemma tells us that we may compactify Int Y as 
a deformation family of P^-bundles by adding Eq x (0, oo) smoothly in t. Moreover, 
by Proposition 5, this uniform compactification can be extended to the boundary 
leaf. Consider now the union of the normal bundles of this smooth family of elliptic 
curves. We obtain a smooth deformation family of line bundles (in the sense of 
Section 3) over of fixed topological degree. Now this family satisfies the hy- 
potheses of the Dumping Lemma, hence all these bundles are isomorphic. Since 
these bundles are indeed isomorphic to the bundle Lt, and since Lq = -^^(a.a;)) we 
have that every Lt is biholomorphic to i(a,x)- ^ 

Step 2 : the collar. The argument is very similar to that of the interior part. A 
non-compact leaf L is difii'eomorphic to W, that is to a C*-bundle over an elliptic 
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curve. Such a leaf has two ends, corresponding to the two ends of C*, its fiber. It 
spirals over Si at one end and over S2 at the other end. Therefore i^'' (respectively 
L2'') is the Z-covering of Si (respectively of S2) obtained by unrolling the fibers. 
Denote by {a',l3',x') the type of 

As in step 1, the use of the compactification Lemma on both ends ensures us 
that L admits a holomorphic compactification by adding two elliptic curves 
and . This compactification L'' is diffeomorphic to a ruled surface of genus one. 
By Lemma 5, it is a ruled surface of genus one and the two elliptic curves are 
holomorphic sections of this bundle, hence a ~ a' . Besides, L is biholomorphic to 
some W{a,x). Notice that, in this case, we do not need the result of Atiyah, since 
we know that L'^ is a ruled surface with two disjoint holomorphic sections. 

Finally, we use the dumping trick of Lemma 6 for the product foliated covering 
described in [M-V, p. 925 926] to prove that each non-compact leaf is in fact bi- 
holomorphic to W{a,x). The smooth model of this covering can be described as 
follows. Let 

Z = W^'f^ X [-1, 0] C X [-1, 0] 

and let 

gix,t) = {{xi,x2) ■ A, {x3,x4) ■ A, (2:5, xe) • A,h{t)) 

where A is a fixed matrix and where h is a smooth diffcomorphism from R to M 
described in [M-V, p. 925] whose only fixed points in [—1,0] are —1 and 0. 

Set Za = W^'ff X [-1,0) and Zi = W^^ff x (-1,0]. Then ^ Zo/(.g) and 
Zi Zi/ {g) are product foliated coverings of the collar minus Si or minus S2 to 
which we apply the dumping trick. As a consequence, L = W(^a,x) = ^(a,x') s-ncl 
X = x'. The two compact leaves differ only by the modulus of the fibers. 

Step 3 : the exterior part. We consider the product foliated covering of the exterior 
part coming from the Milnor fibration. More precisely, setting 

F = p-i(M+)\ {(0,0,0} CR*^ 

and considering F as a smooth manifold with boundary, we have a Z-covering 

s : Y — > §5 \ Int (AT) . 

satisfying the following commutative diagram 

Y \ Int (AT) 

p 

The deck transformation group is generated by 

X GY I — > {{xi,X2) ■ A, (x3,X4) ■ A, (x5,a;6) • A) 

where A is the same fixed matrix as in step 2 (to be more precise, it is the real 
matrix form of the complex number Xui, see [M-V, p. 924]). 

Remark. It is important to keep in mind that this product foliated covering is not 
tame. 



42 



LAURENT MEERSSEMAN, ALBERTO VERJOVSKY 



We may thus equip Y with the pull-back CR-structurc induced from this cov- 
ering. The associated smooth foliation is given by the level sets of P (cf [M-V, 
p.923-924]). 

Let Lt be the complex leaf diffeomorphic to P~^{{t}). Assume t ^ 0. Then s{Lt) 
is still biholomorphic to Lt and descends as a leaf in \J\f whose unique end spirals 
over <S2. There exists thus a closed set Ft in Lt such that Lt \ Ft is diffeomorphic 
to a covering oi S2 — K x S^. Indeed, by [Mil, Lemma 6.1 and Theorem 5.11], it 
is diffeomorphic to if x R. This implies that {Lt \ Ft)^'' is biholomorphic to W. 
By use of the compactification Lemma, we may thus compactify Lt by adding an 
elliptic curve and obtain a compact surface L^. 

Remark. The use of the Compactification Lemma is possible even if the covering is 
not tame because it satisfies the weaker condition detailed in the remark after the 
Compactification Lemma. 

On the other hand, Lt is diffeomorphic to the afiine cubic surface P~^{{t}) of 
C^, so that Lt is diffeomorphic to a cubic surface in P^. 

Lemma 7. The compact surface L^ is biholomorphic to the blow-up of at 6 
points or to the blow-up of the Hirzebruch surface ¥2 at 5 points.. 

Proof. Since Lt is diffeomorphic to a cubic surface, it is diffeomorphic to P^tl(6)P^, 
the blow-up of P^ at 6 points. We infer from this description that L^ has at most 
6 disjoint embedded rational curves with self-intersection —1. The minimal model 
of Lj, let us denote it by X, satisfies 

c\{X) > 3 C2{X) < 9 r > -5 

where cf and C2 denote the Chern numbers of X and r the signature. 

The Enriques-Kodaira classification tells us that X is a rational surface or that 
X is of general type. This last case is impossible, due to the following deep result 
of Friedmann and Qin. 

Theorem [F-Q]. A surface of general type cannot be diffeomorphic to a rational 
surface. 

Therefore, X is rational. There are two cases: 

(i) the surface X is and L'j is the blow-up of P^ at 6 points. 

(ii) the surface X is a Hirzebruch smface and L'l is the blow-up of at 5 points. 

Assume (ii) . Then, since Fi is not minimal and since the blow-up of P^ at six 
points and the blow-up of Fq = P^ x P^ at five points are biholomorphic, we assume 
that a > 2. 

Assume that a = 2r is even. Then Fq is diffeomorphic to x S^, hence a basis 
of topological cycles of dimension 2 of F^ is given by C\ diffeomorphic to {pi} x 
and C2 diffeomorphic to §^ x {pt}. On the other hand, we may assume that Ci is 
a fibre of the bundle Fq P^ and that a basis of analytical cycles on Fq is given 
by Ci and by its zero section S homologous to C2 — rC\. Consider the blow-up 
map p : ^ Fa. A basis of analytic cycles of dimension 2 of LI is then given by 
S, the pull-back by p of 5, by Ex, E^, the exceptional divisors, and by F the 
pull-back by p of a fiber of F^, not containing any of the blown up points. Let k 
be the number of points to blow up which belongs to p{S). Assume that Ei, 
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Ek are the corresponding exceptional divisors. Notice that k may take any value 
between and 5. One obtains easily the following table of intersection numbers. 

S-S = -a-k, S-F = l, S ■ Ei = l {i<k), S-Ei = Q{i>k) 
F -3=1, F-F = 0, F ■ Ei = {for ail i) 

We know that contains an elliptic curve E„ such that the pair (Lj,E„) is 
diffeomorphic to the pair constituted by a non-singular cubic surface of and 
by its section at infinity. Using this model, we see that is diffeomorphic to the 
blow-up of at six points. Then, another basis of topological cycles for is given 
by H diffeomorphic to a line in not intersecting the exceptional divisors and to 
Di, .... Dq diffeomorphic to the 6 exceptional divisors. In this basis, we also have 
that (see [Ha, V.4.8]) 

= 3i?-£>i - ... -£»6 

where = stands here and in the sequel of the proof for "is homologous" . 
On the other hand, one checks easily that we may assume that 

£>i = Ci - Ex, £>2 = C2 - Ex, H = Ci+C2- El, Ei = A+i (for 2<i<5) 

where we still call Ci and C2 in the pull-back by p of Ci and C2 in F^. 

Now, the elliptic curve Eq, must have non-negative intersection with the basis of 
analytic cycles of L^. Taking into account that 

F = Ci S = C2-rCi~Ei~...-Ek 

this gives the following inequality 

E„-S' = 2-2r-fc>0 

Hence r = or r = 1 and fc = 0. But r = means a = 0, a case that we have 
already excluded. So we have r = 1 and k = 0, i.e. is the blow-up of F2 at five 
points not belonging to the zero-section S. 

Assume now that a = 2r + 1 is odd. Exactly the same line of arguments leads 
to the inequation 

2 - (2r -M) - fc > 

hence r = and k = 0. So a = 1, a case that we have already excluded. □ 

We would like to thank Lucy Moser for the following observation. 

Remark. There really exists such an elliptic curve in the blow-up of F2 at five 
points, so we cannot exclude this case at this stage. Indeed, consider the curve 
z'^y'^ — x'^ — in P^. This is an elliptic curve with a unique singularity: a tacnode 
at infinity. The resolution of this singularity requires two successive blow-ups. In 
this way, we obtain a non-singular elliptic curve in the blow-up of Fi at one point 
belonging to the zero section. But this is the same as the blow-up of F2 at a point 
not belonging to the zero section this time. Observe that, in this last description, 
the elliptic curve does not intersect the exceptional divisor. Hence we may blow 
down to F2 keeping the non-singular elliptic curve. Finally blow-up this curve at 
five points. 

We want to conclude that is the blow-up of P-^ at six points, and even more 
that it embeds in P^ as a non-singular cubic surface. We first need to collect one 
more fact about this surface. 
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Lemma 8. The surface admits an automorphism of order three. 

Proof. Consider the product foliated covering Int Y (0, cxo). By the uniform 
Compactification Lemma, the compactification of the leaves Lt as can be as- 
sumed uniform. This gives a deformation family Y over [0, oo) whose interior has 
compact leaves. For each t > 0, the corresponding leaf is and contains an elliptic 
curve Et biholomorphic to E^. 

The deck transformation group identifies leaves of Int Y. In the presentation 
given at the beginning of step 3, the leaves Lt and i/(t) = Lxsi arc CR-isomorphic 
and it extends as a CR-isomorphism between and L'^f(ty On the other hand, Int 
Y is diffeomorphic to the suspension of {L^Y^^i by a diffeomorphism of order three 
(this is the monodromy of the Milnor's fibration used in the initial construction 
of the foliation J^c)- More precisely, on the smooth model, representing Lt as the 
affine cubic surface P~^{t) for fixed t, the monodromy in restriction to Lf is given 
by the map 

(-21,2:2,-23) G P~^{t) I — > (w • 2l,W • Z2,W • Zz) £ P~^{t) 

which extends to the projectivization of P~^{t) as the identity on the elliptic curve. 

We want to prove that this diffeomorphism of order three is in fact an automor- 
phism of order three of each leaf. This could be easily deduced from Proposition 3 if 
we knew that all the leaves arc biholomorphic. But here we follow the inverse way: 
we want to use the existence of such an automorphism to deduce that all leaves 
of Int Y are biholomorphic. To achieve our goal, we first need a better model for 
Int Y: we will construct a CR-map from Int Y to which is an embedding when 
restricted to an open and dense subset of any leaf L^. 

To avoid cumbersome repetitions in the sequel, we say that a leaf is of type 
(i) if it is the blow-up of at 6 points, and of type (ii) if it is the blow-up of F2 at 
five points. We thus a priori have in our deformation family Int Y leaves of type 
(i) and leaves of type (ii). 

From the computations of intersection numbers held in Lemma 7, it follows that 
in case (i), the six points belong to a cubic curve of P^, whereas, in case (ii), the 
five points belong the elliptic curve of F2 described in the previous remark. In both 
cases, it follows that it is in the linear system of the anticanonical divisor —Kt of 
Lj. This family of divisors gives rise to a family of line bundles over L^ that we 
still call —Kt or Et. 

We claim that, for all t, we have 

dlmH^L^OiEt)) = A . 

(we owe this computation to Laurent Bonavero). 
Consider the short exact sequence [B-H-P-V, p. 62] 

_ Oli OLiiEt) OE^Et) . 

Since H^{L1,Oli) is zero by 1-conncctedncss of Lj, and since H^{L^,Ol^) is 
zero by Serre duality, we obtain from the long exact sequence 



H\L1,OLc{Et)) = H\EuO{Et)) 



MODULI SPACE OF FOLIATIONS BY COMPLEX SURFACES 



45 



and by Serre duality on Et, 

But — -Ej is —3 (cf the proof of Lemma 7) hence this last group is zero. On the 
other hand, we have also that H^{Lf, OLf{Et)) is zero by Serre duality. Finally, by 
Riemann-Roch formula [G-H, p. 472], 



duaH^mOiE,)) = ^11^1^11^+ ^^L'i) = ^*-^* + ^*-^* +1 = 4 
and we are done. 

By [K-S, Theorem 2.1], it follows from the claim that there exists a smooth (in t) 
family S(i) = (cri(t), . . . , (T4(t)) of holomorphic sections of —Kt which form a basis 
of H^{Lf, 0{Et)) for each t. Remark that, when is of type (i), then Et is ample 
by Nakai's criterion; and when it is of type (ii), it is ample outside the zero section. 
In both cases, S defines a CR map from Int Y to which is an embedding for 
fixed t when restricted to an open and dense subset of L^. 

Now, fix f > 0. Recall that and -t'^(t) are biholomorphic. We notice that 
since the biholomorphism between these two manifolds comes from a biholomor- 
phism between and it sends Et onto -E/(t). Hence and S(L^^jP 

are holomorphic basis of sections of the same divisor, hence their image in are 
isomorphic and differ from a global automorphism of P^, let us call it A. Choose a 
smooth path of automorphisms {Ag) between At = A and ^/(t) = Id- 

We now replace the family S(s) for s G [i, /(*)] by T{s) = ^sE(s). It has the 
property that it maps an open set of the deformation family Int Y in P^ in such 
a way that T{t) and T{f{t)) are equal. Observe that this implies that the CR- 
isomorphism of order three is in fact isotopic to a biholomorphism of T{t). Since 
T{t) is an embedding of an open and dense subset of , we conclude that admits 
an automorphism isotopic to a self-map of order three. 

Let us call (f)t this automorphism. Then (l)f is isotopic to the identity. But there 
is no non-zero holomorphic vector fields on (this is proved in [K, p. 225] for of 
type (i), but the same arguments work for of type (ii)). Hence is the identity 
and Z/j admits an automorphism of order three. □ 

We may finally state. 

Lemma 9. Every surface Lt embeds as a non-singular cubic surface St ofW^ and 
the restriction of the embedding ^ St C P^ embeds as a hyperplane section 
H of St. 

Proof. We know that there exists an automorphism (j)t of order three on whose 
fixed point set is an elliptic curve Eq,. Assume that is of type (ii). Then this 
automorphism sends the five exceptional divisors of LI onto five disjoint rational 
curves with self-intersection —1. So it projects onto an automorphism ipt of order 
three of F2. Now ipt preserves the unique ruling of F2 and induces thus an automor- 
phism Xi of order three of P"'^, the base of the bmidle F2 . A straightforward 
computation shows that Xt is conjugated to the identity, the multiplication by w 
or the multiplication by on P^ = C U {00}. Such a map has two fixed points (0 
and 00) or the whole P^ of fixed points. 
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Now the fixed points of ipt are exactly the fixed points of its restriction to the 
fibers of F2 — > which are fixed by Xt- And, as before, the restriction to a fiber is 
conjugated to the identity, the multipHcation by to or the multiplication by on 
pi = C U {00}. We infer from this description that the fixed point set of tpt is four 
distinct points, or two points and a disjoint or two disjoint P^ or the whole F2. 
In particular, if tpt is not the identity, this set is not connected. Blowing-up at five 
points and lifting ipt will not give an automorphism with an elliptic curve as fixed 
point set. Contradiction. The surface is the blow-up of at six points. 

To conclude that is a non-singular cubic surface St of P^ , it is enough to prove 
that the six points are in general position. 

Assume the contrary. The automorphism 0t of defines an automorphism tpt 
of order three of P^ with an elliptic curve C as fixed point set. The six points 
must belong to C. Assume first that three of them lie on the same projective line 
D. Then ipt leaves D globally invariant and fixes three distinct points of D. This 
implies that the whole D is fixed. Contradiction with the fact that the fixed point 
set of tpt is an elliptic curve. Assume now that the six points lie on the same conic. 
Then tpt leaves this conic globally invariant and fixes six distinct points of it. This 
implies that the whole conic is fixed. Once again, contradiction. The surface is 
a non-singular cubic surface Si of P^ . 

We would like to thank J. KoUar for the following proof. 

The curve E„ is homologous to a hyperplane section of St- By [Ha, V.4.8], the 
linear class of a divisor of a cubic surface is entirely determined by its intersection 
numbers with the 6 exceptional curves and with a hyperplane section. Therefore 
embeds in St as a divisor which is linearly equivalent to the hyperplane section. 

Since the surface is embedded in P^ by its hyperplane class, a divisor linearly 
equivalent to the hyperplane section is a hyperplane section. □ 

As a consequence, Lt is an affine cubic surface. 

Remark. The proof that LI is a non-singular cubic surface could be shortened if we 
knew that the CR-structure of the family Int Y extends smoothly to the singular 
point of dY ~ P~^({0}) \ {0}. Since it also extends at infinity by Proposition 5, we 
would obtain a compactified deformation family whose boundary Lg is a singular 
cubic surface of P^. Taking into account that Eq C Lg is very ample with space 
of holomorphic sections of dimension 4, it would follow directly from the claim 
proved in Lemma 8 and from a result of Schneider [Sc, p. 174] (which generalizes 
[K-S, Theorem 2.1] used above) that the deformation family embeds in P'^ near 
the boundary leaf. This would imply that every for small t (and thus for all t) 
embeds in P^ through the linear system Et and satisfies the conclusion of Lemma 



We have now to prove that the complex structure on Lt docs not depend on t. 

Let us say that St has equation = in P"^. The automorphism of order three 
of Lt defines an automorphism of order three of St which is the identity on the 
hyperplane section at infinity H. By [G-H, p. 178], such an automorphism is the 
restriction to St of an automorphism of P^. Straightforward computations show 
that it is projectively conjugated to 
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on C. 

Therefore, the cubic surface St has the form 

Pt = Qt{x, y, z) + atw^ = 

where Qt is a homogeneous polynomial of degree 3 and at a non-zero constant. 
Remark that we may assume that at is one, making a change of coordinate in w 
if necessary. It follows that this equation is entirely determined by the modulus of 
the elliptic curve at infinity. But this curve is for all t. Therefore, Qt is a cubic 
equation of and all the non-compact leaves are biholomorphic. 

Moreover, the deformation family Int Y — > (0, oo) is CR-isomorphic to 

{z, t) G Ph'^it) X (0, oo) I — (0, oo) 

Consider once again the compactified deformation family Int Y — > (0,oo). As 
said before, we have a smooth injection of E^ x (0, oo) in Int Y by the uniform 
compactification Lemma. And it extends smoothly in by Proposition 5. Take 
the union of the normal bundles of this family of elliptic curves. This gives a 
deformation family of line bundles over E^ (in the sense of Section 3) of fixed 
topological degree. It satisfies the hypotheses of the Dumping Lemma, hence they 
are all isomorphic. Of course, we already know that, except in 0, all these bundles 
are biholomorphic to the normal bundle of the hyperplane section H in 5, that is 
biholomorphic to the natural bundle associated to . Wc know now that it is also 
the case at 0. Since the (non-compactified) boundary leaf is W{a,x), we conclude 
that X is in fact a, the natural C*-bundle associated to E^ . This finishes the third 
step. 

Let us sum up the first three steps. Let be a foliation by complex surfaces 
diffeomorphic to Tc- Then 

(i) the compact leaves Si and 52 are of respective type (a,/?, (5) and («,/?', a). 

(ii) the non-compact leaves of the interior part (respectively of the exterior part, of 
the collar) are all biholomorphic. We may thus talk of the non-compact leaf of the 

interior part (respectively of the exterior part, of the collar). 

(iii) if !F' is another such foliation with S[ biholomorphic to Si , and S'^ biholomor- 
phic to <S2 , then the non-compact leaf of the interior part of J^' (respectively of the 

exterior part, of the collar) is biholomorphic to the non-compact leaf of the interior 
part of J- (respectively of the exterior part, of the collar). 

To finish with the proof of Theorem B, we have to prove that, under the assump- 
tions of (iii), there really exists a biholomorphism between T and T' . 

Step 4 : construction of the biholomorphism. Consider now the exterior part of 
without the compact leaf 1S2. Let us call it £. It admits a product foliated 
covering Y fibering over (0, 00). As shown before, we may uniformly compactify 
the total space of this covering into a family of deformations of cubic surfaces by 
adding the same elliptic curve to each fiber. All these cubics are biholomorphic 
and the family is parametrized by (0,oo). It follows from Proposition 2 that this 
compactified covering is biholomorphic to a product 5 x R, for S the fixed cubic 
surface described in the previous step. Therefore the product foliated covering C 
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is biholomorphic to ^ x R, where A is the affine part of S. We obviously have a 
commutative diagram of CR-maps 

C > AxR 



£ > £ 

i.e. £ is biholomorphic to a fixed model. This allows us to construct a biholomor- 

phism (p between £ (corresponding to J^) and £' (corresponding to J^'). 

Wc need an extension Lemma. 

Lemma 10. The CR-isomorphism extends as a biholomorphism between S2 and 

Proof. Consider the compactified deformation family / : ? — > [0, 00) coming from 
J^. The interior leaves are biholomorphic to a fixed cubic surface S say 

Ph{x, y, z, w) = Qh{x, y,z)+w^=0 in . 

As a consequence, the interior Int Y can be embedded in as the family 

te(0, 00) Qh{x,y,z,w) + tw^ = 

The deck transformation group of this compactified product foliated covering is 
generated by 

[x,y,z,w] G P^ I — > [(j-x,uj-y,(j- 2;, A~^w] G P^ 

It follows from this description that the complex structure on the whole family 
(that is including t = 0) is uniquely determined by the complex structure of one 
leaf. In fact, it is obtained by stretching the complex structure of S through the 
previous automorphism. The effect of this transformation is to make bigger and 
bigger a neighborhood of the infinite hyperplane section and has at end-point 
{t = 0) the normal bundle of in S. This description characterizes uniquely the 
deformation family up to CR-isomorphism. It follows that the previous embedding 
extends to t = 0. Now, the same is true from the family Y' coming from J^', hence 
the CR-isomorphism (j) extends to the boundary. □ 

We claim now that the product foliated covering with boundary Zi of step 2 is 
CR-trivial (recall that we already know that its interior is CR-trivial). Since the 
boundary fiber dZi = W is pseudo-convex, this foliated covering, as a deformation 
family, is pseudo-trivial by [A-V, Proposition 2]. This means that, given a relatively 
compact open set A G dZi , there exists a relatively compact open set A in Zi and 
a CR-isomorphism between A and A x [0, c) for some e > 0. 

Consider as a C* principal bundle over Eq, and let L be the associated line 
bundle. Let £> be a tubular neighborhood of the zero section of L in L. We may 
take a holomorphic disk bundle over E^ as D. Let A be an annulus bundle included 
in D (that is the difference between D and a smaller disk bundle included in D). It 
is a relatively compact open subset of W. Use the property of pseudo- triviality with 
this A. We obtain a relatively compact open set A in Zi and a CR-isomorphism 
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X sending ^ to Ax [0, e) C L x [0, e). Recall that the leaves of the interior of Zi 
may be compactified as copies of L by adding a zero section (this is also true at 
infinity, but we do not need this here). Call Zf the corresponding family. Remark 
that A intersects each fiber of each leaf of Zf in an annulus. Let JC be the open 
set of Z^ whose intersection with a fiber of a leaf of Z^ is the corresponding disk 
(or punctured disk if the leaf is the boundary leaf). So K, intersects each interior 
leaf Lt as a disk bundle Kt over Eq,, and the boundary leaf W as a punctured disk 
bundle {Kq)*. 

We claim that x extends as a CR-isomorphism from K, to D x [0, e). The ex- 
tension is made in two steps. First, fix t and consider {Kt)* {Kt minus the zero 
section). Since L has negative first Chern number, this means that the zero section 
of L admits a strictly pseudo-convex neighborhood. Hence we may assume that the 
boundary of Kt is strictly pseudo-convex. This allows to extend % to {Kt)* (indeed, 
{Kt)* admits a Stein completion by one point, which is obtained by blowing down 
the zero section of Kt; and every CR- function on the strictly pseudo-convex bound- 
ary of Kt extends to this Stein completion). Notice that the extension is unique and 
is defined using the Bochner-Martinelli kernel. As a consequence, this extension is 
smooth in the parameter t. Now, this extension must fix each fiber of {Kt)* , since 
it fixes them in restriction to A^. This implies that x is locally boimded near the 
zero-section of each {Kt) hence extends to Kt by Riemann's Theorem. So finally, 
we obtain a CR- injection of K. into L x [0,e). But this obviously means that the 
complex stnieture of the; boundary leaf W extends to L in the family (that is in 
such a way that this extension is smooth in the transverse parameter). Using this, 
and recalling that we may also uniformly compactify all the leaves of Zi at infinity 
by adding an elliptic curve, we CR-embed Zi and thus Zi in a deformation family 
of L'^, the compact ruled surface associated to L. But by Proposition 2, such a 
family is CR-trivial, so, taking into account that the compactifications are uniform, 
we conclude that Zi is a CR-trivial product foliated covering. 

Notice that the same line of arguments proves that Zq as well as the product 
foliated covering of step 1 (with its boundary) are CR-trivial. 

But now, it follows from Corollary 2 that (f> extends to the product foliated 
covering Zi of step 2; and then as a biholomorphism between <Si and iS(, also from 
Corollary 2 applied to the product foliated covering Zq. And finally, applying once 
again Corollary 2, but this time on the product foliated covering of the interior part 
(with boundary), (j) extends to a global biholomorphism between and J^'. 

This concludes the proof of Theorem B. □ 

We pass now to the proof of Theorem C. 

Proof of Theorem C. Due to Theorem B, we only have to realize a foliation by 
complex surfaces diffeomorphic to for every triple {J{a), J{f3), J{P')) e C x C x 
C. Here is the construction. Fix such a triple and fix a, (3 and (3' in H. The foliation 
of .Fc restricted to the interior part can easily be adapted: take for P a homogeneous 
polynomial such that the projectivization of the set ({0}) \ {(0, 0, 0)} is and 
take as new definitions of T and S (compare with [M-V, p. 922-923]) 

T{z, u, t) ={z, Xlo ■ u, d{t)) 

S{z, u, t) =(exp(2i7ra) • z, {ip{z))~^ ■ u, t) 

where ip is the automorphism factor associated to the C*-bundle 

^"'({0}) \ {(0,0,0)} ^E, 
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and where Aw = exp(2i7r/3). 

Remark. With this convention, we have [A| < 1. Notice that it is different from the 
convention of [M-V], where we have Xui = — exp(2i7r/3), hence |A| > 1. 

Proceed now exactly as in [M-V, p. 922-923]. 

We modify now the foUation of the exterior part and of the collar. 
Set X'u) = exp{2in(3'). Let ^ and 6 be smooth real maps satisfying 

(i) For t < —1, we have ii(t) exp{i6{t)) = A. 

(ii) For t > 0, we have fiit) exp{ie{t)) = A'. 

Notice that ^(0) = |A'| < 1. Let ft : R — » R be a diffeomorphism satisfying 

(i) h{t) = t for t < -1. 

(ii) h coincides with the map 1 1— >■ ^ ^ on [0, oo). 

(iii) The only fixed points of h are and {—oo, —1]. 
Such a map is constructed in [M-V, p. 925]. Define 

J At(0)^/*exp(i6i(0)/t) if i > 



Notice that d)isC°°. Let 



Set 
and 

Finally, define 



\ else. 

g : (0, i) e X R I — > P{z) - ^{t) G C . 
S = 5-^({0})\({(0,0,0)}xR) 
Lt = {{z,t)€E I P{z) = (f>{t)} . 



G : (z,i)eSi — > {ij{t)exp{i9{t))uj ■ z,h{t)) eE 

Then G sends the leaf Lg onto the leaf i/i(s) and the quotient of S by (G) gives a 
foliation by complex surfaces of §^ \ J\f, as in [M-V] . There are two compact leaves 
and it is straightforward to see that they are primary Kodaira surfaces of type 

{a, (3, a) and {a, (3', a). 

Lemma 11. Consider the foliation by complex surfaces o/S^ described just above. 
Then, it is diffeomorphic to J^c- 

Proof. Due to the minor changes in the definitions of T and the new foliation of 
the interior part is clearly diffeomorphic to restricted to Int(A/'). 
On the other hand, it follows from the previous proof that: 

(i) The (open) exterior part fibers over the circle with same fiber (up to diffeomor- 
phism) and same monodromy (given by multiphcation by w on P~^(l)) as J^c- 

(ii) The collar is diffeomorphic to W^^^^ x (0, 1). 

We deduce from these two facts that the new foliation is homeomorphic to J^c 
from one hand, and from the other hand diffeomorphic to it outside the two compact 
leaves. To finish with, it is enough to check that the holonomies of the two compact 
leaves are conjugated. But, in the two cases, they are given by the functions d and 
h (see also the remark at the end of Section 1). □ 

This completes the proof of Theorem C. □ 
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8. The moduli space of J^'^^ 

Theorem D. 

(i) The set C(^"\ J-^^^ ^ ) identified with C"^ is a coarse moduli space for {^^,!F^^^). 

(ii) There does not exist a fine moduli space for ,J^^^^). 

Proof. The proof is very similar to that given in Section 5 for the Reeb foliation. 
Take any deformation family tt : M — »■ X of {S^ ,J^^^) and consider the natural 
map :X^CxCxC. The three components of this map may be thought 
of as the modular function on the common base of the compact leaves, on a fixed 
fiber of the first compact leaf and on a fixed fiber of the second compact leaf. 
Indeed, such a deformation family M.i ^ X (respectively M.2 X) induces a 
deformation family Vi (respectively V2) of the first compact leaf 5^*^-^ (respectively 
the second compact leaf 82^^^) by Proposition 6. On the other hand, Di — » X 
(respectively T>2 —>■ X) is a locally trivial smooth fiber bundle with structural group 
Diff+(5*'^''') (respectively Diff+(<S2*''^'^) - the + meaning orientation-preserving). 
Now, by Lemma 2, an orientation-preserving diffeomorphism of S^^-^^ (respectively 
82^^^) is in fact a bundle isomorphism. Therefore, Di ^ X (respectively V2 X) 
induces a deformation family of the base of Si^^^ (respectively 82^^^). This allows 
us to identify a,r to a triple of modular functions and to conclude that is a 
coarse moduli space for {S^ ,!F^^^). 

Assume now that there exists a fine moduli space. Then every deformation family 
of {E>^,T^^^) with all fibers biholomorphic to J^c is biholomorphic to a product. 
By restriction to the base of a fixed compact leaf, such a deformation family yields 
a family of complex structures on the smooth torus with all leaves biholomorphic to 
Et^. Of course, this family has to be holomorphically trivial. Now, there exist non 
holomorphically trivial families of complex structures with all leaves biholomorphic 
to . This is due to the existence of a non-trivial automorphism a of order three 
on E(^. For example, one may glue two copies of C x E^^ along C* x E,^ with 

h : {z, w)€C* xE^< — > {1/z, a{w)) e C* x E^, 

to obtain such an example. Assume now that a extends to a biholomorphism A of 
J^c- Then, in the same way, glue two copies of C x §^ endowed with the foliation 
J^c on each along C* x by 

H : {z,w) € C* X S-"^ I — > {l/z,A{w)) S C* x . 

This gives a deformation family of (§^, J^*-'-^) with all fibers biholomorphic to J^c 
and such that its restriction to the base of a fixed compact leaf is non-trivial. 
Contradiction. 

To finish with, it is thus enough to prove the following Lemma. 

Lemma 12. The foliation J-'c admits a biholomorphism A of order three which 
extends an automorphism of order three a on the the base of the compact leaves. 

Proof. We just have to define this automorphism on the product foliated coverings 
used to foliate J\f and \ Af. We use the notations of [M-V]. Start with the 
automorphism 

a : [zi,Z2,Z3\eE^ = {[z]eF'^ \ zf + z^ + zl = 0}> — > [zi,oj ■ Z2,oj'^ ■ za] eE^ 
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Consider first the product foliated covering X /{S). By Proposition 2, it admits 
a compactification biholomorphic to L'^ x [0, oo), where L° is the compactification 
of as a ruled surface. Therefore, X/ (S) is biholomorphic to L x [0, oo) \ {sq x 0}, 
where sq denotes the zero section of the line bundle L. By definition of L, the 
automorphism a extends to an automorphism of order three of L and oiW = L\sq. 
Therefore, we may define a biholomorphismm of order three on X/{S). It is easy 
to see that it commutes with T and thus descends to a biholomorphism of order 
three of {M,J^c)- For the exterior, just take the biholomorphism 

izi,Z2,Z3,t) e X M I > {zi,U> ■ Z2,U>^ ■ Z3,t) S X M 

and verify that it preserves S and commutes with G. It is now straightforward 
to check that this biholomorphism glue with the previous one and define A. This 
completes the proof of Theorem D. □ 

9. Concluding remgirks 

In this paper, we do not speak about the foliated analogue of Kodaira-Spencer 
theory of small deformations of compact complex manifolds (see [K-S], [M-K]). As 
noticed in Section 5, the notion of fine moduli space is not a good concept in the 
theory of compact complex manifolds. The right one is that of versal deformation 
space, that is of local moduli space. One may thus expect that the same is true for 
foliations by complex manifolds. 

Let T he a, foliation by complex manifolds on X. Define Qj^ as the sheaf 
of germs of smooth vector fields on X which are tangent to J-" and holomorphic 
when restricted to any leaf of J^. As in the classical case, the cohomology group 
H^{X,Qy7) should describe the infinitesimal deformations of {X,!F). Of course, 
it can be infinite-dimensional as it is the case for the second example of Section 
5. Nevertheless, in the case it is finite-dimensional, it is quite possible that the 
classical Theorems could be adapted with essentially the same proof. For example, 
the following result should be true: if H'^{X, O^r) = 0, then there exists a germ of 
deformation family of {X, J^'^^^f ) of dimension H^{X, O^f) centered in {X, T) which 
contains all "sufficiently small" deformations of {X,T). It should be interesting to 
develop such a theory and to apply it to deformations of CR-fiber bundles and to 
deformations of foliations given by suspension. 
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